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émanant des établissements d’enseignement et de
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g�hpaqkxl t [Ir@lYkmhjackmlyr t [ nY|pkm�ygm�Yaqfcaqhj 
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[)h< ;��	=�%�!���%�#	��
�sª1��[)fsg§nT[)|pZ![)hvhp|pg t [�nY|p Iw)acrj[)|�f8° km�o~�[Iw¡hpaÏ¥ t d�wQ|paÏhpX)|p[�¢,£j� ±>dYa�[IrvhFfckmacl t ° >Qhj|p[�[QzonYfcaswQaqhj[
gid�|p[)�>gi| t�t [&rjg t  )¬ylYaqhjackml��Y[Qh t [ t asrjw)dohj[I| t [1f8° Wbu>nTkmhjWYXCrv[1±>dY[1fq[@?e­>|
giaBASZ!k t X)fc[1ginynygi|jhjac[)lYlY[1gidYz�Z\k t XIfq[Cr
[)l�wQkxZ\nT Qhjaqhjackml¾�
W>ubnTkihpWYXIrj[<�x )lY I|pgmfq[IZ![Ilxh�nTkxrj )[<nygm|�fq[Cr�gmdohj[IdY|pr�¨¦{�gm|vhpac[

3
©¡ª �}lo¬yl���lYkmdyr�nY|p Irj[)lxhpkmlyr§[)h

wQkxZ\Z![Ilxhpkmlyr.fq[CreZ\ QhpWYk t [Cr t [�wQkmZ\nygm|pgmacrjkml�[Ilxhj|p[�¢�£j� [)h\«�£j�#dyrjdY[)fcfc[)Z\[)l>h!nY|pkmnTkxrj )[Cr)�@wQ[Ir t [)dYz�wQ|paqhjX)|p[Ir
 Qh
gil>h�rjkmdY­x[)lxh Z\asr
[Il�w)kmlyw)dY|j|p[)lyw)[ t gilyr fcg!nY|
g�hpac±>dY[§¨:{�gi|jhjac[
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��gilyr�wQ[)hvhj[&nygm|vhpaq[x�olYkxdyr
nY|p Irj[)lxhpkmlyr
fsg\wQkxlyr�hp|jdBw¡hjackml t d<wQ|paÏhpX)|p[1¢,£j��ªo{�kmdY|FwQ[Ifcgy�olYkmdBr
lYkmdyr�ginYnydYumkmlyr rjdY| fsg
nY|p Irj[)lxh
g�hpaqkxl�nY|pkmnTk>rv )[�nygm| �Fg�¥ hj[I|ju�¨��.)3)i]b©¡ª

� l t asrjnTkxrj[ t ° dYl
n
²³ Iw
Wygmlxhjacfcfqkxl

X = (X1, . . . , Xn)
t [!­�gm|jasgi�Yfc[IrFaql t  )nT[)l t gilxhp[Ir t [ t [)lyrjaqhj !aqlyw)kmlYlbdY[

f
ª

�}° km�o~�[IwQhjaq¥�[Irvh t ° [IrvhjacZ\[)|
f
ª<{'kmdy|.wQ[Ifcgy�'kml�rj[ t kmlylY[�dYlY[�w)kmfcfq[Cw¡hjackml�¬ylYac[ t [�Z\k t XIfq[Cr {M1, . . . ,Mm} ª��Fl

Z\k t XIfq[
Mi

w)km|p|j[CrvnTkml t ®�dYlY[ t [Ilyrvaqhj 
gMi

t [�nBgi|
giZ\XQhp|j[
θi
t [ t acZ\[)lyrjaqkxl

Ki
ª � l lYkihp[

Θi
f8° [CrvnygxwQ[ t [

t acZ\[)lyrjaqkxl
Ki

gidy±>dY[If�ginynygi|jhjac[)l>h
θi
ª@£¤f¾rI° gm�maqh t [&®\w
WYkmasrjaq| dYl�Z!k t X)fc[1nygi|pZ\a�wQ[)hvhj[�w)kmfcfq[Cw¡hpaqkxl t [&Z\k t X)fc[IrIª

�¾[&wQ|paÏhpX)|p[�¢,£j��rv[1nYfsgmwQ[ t gilyr
dYl�w)kml>hj[Qzbhp[��yg¯um Irjac[)l 0
θi
[)h

Mi
rjkml>h
­bdyr wQkxZ\Z![ t [Cr
­�gi|pasgi�Yfc[Ir,gmfq Cg�hjkxaq|p[Ir

[Qh!rjkml>heZedYlYasr t ° dYlY[ t acrvhj|paq�ydohjackml  ��
�%�#	��%� ª �¾g t asr�hp|jac�Ydohpaqkxl  ��:�%�#	��%��rvdY|
Mi

[IrvhelYkmhj I[
P (Mi)

ª<{�kmdY|.dYl
Z\k t XIfq[

Mi
t kmlYly m�¾fsg t asr�hp|jac�Ydohpaqkxl  9�
�%�#	��%� t d�nygm|pgmZ!X)hj|p[

θi
[Irvh&lykihj I[

P (θi|Mi)
ª���° g¯­�gmlxhpgm�m[ t ° dYly[\hj[Ifqfc[

ginynY|jkYwpWY[�[Cr�h�±>d�° [)fcfq[�nB[I|jZ\[)h t [�nY|p[)l t |p[�[)l wQkmZ\nohp[ t [Cr!aclo¥¦kx|jZ§g�hpaqkxlyr!±>dY[�nT[)doh t  Qhj[IlYac|\f8° dohjacfqasrpg�hp[)dY|C��[)l
t kxlYlygil>h1®�wQ[I|vh
giaclyr�Z\k t X)fc[Ir�dYl�nTkma t r�nYfcdyr�acZ!nTkx|vh
gilxhCª.��[InT[)l t gmlxhC�Ofsg t asr�hp|jac�Ydohpaqkxl  �:�%�#	��%�FnTkxrj )[!rjdY|�fc[Ir
Z\k t XIfq[Cr

Mi
[Cr�h�rvkxdY­m[)l>h@lykml\aclo¥¦km|pZ§g�hjac­m[�¨¦dYlYaq¥¦km|pZ\[C©�[Qh�lYkxdyr@­m[)|p|jkxlyr'nygm| t [Ir}w)kmlyrja t  )|
g�hpaqkxlyr�gmrjubZ\nohjkmhjas±>dY[Ir

±>dY[1fsg t asr�hp|jac�Ydohpaqkxl  �
�%�#	��%� t [Ir
θi
l�° aclxhj[I|j­bac[)l>h nBgmr t gmlyr
fsg.¥¦km|pZ![ t d�w)|jaqhjXI|j[&¢�£j��ª

¢,£j��wpWY[I|pw
WY[&®\rj )fc[Iw¡hpaqkxlYlY[I|
fc[1Z\k t X)fc[
Mi

±xdyaOZ§gizbacZ\acrj[1fcg\nY|jkx�ygi�YacfcaÏhp � �G	�� �����%�#	��%�
P (Mi|X)

0

MBIC = argmax
Mi

P (Mi|X).
¨��¯©

�}l�w)[�rv[Ilyr,¢,£j� w
WY[I|pw
WY[�®.rv Ifq[Cw¡hjackmlylY[)|,fq[�Z!k t X)fc[�fq[�nYfcdyr�­b|
giasrv[IZe�Yfsgi�Yfc[FgmdS­>d t [Ir t kmlYlY I[IrIª���g�nBgi|jhjac[
3
[Irvh

nYfcdyr}nygm|vhpacw)dYfqacX)|p[)Z\[Ilxh�w)kmlyrpgmw)|j I[
®1f8° aql>hj[)|pnY|p Qh
g�hjackml t [�fsg1nY|pkm�ygm�Yacfqaqhj   �G	=�%���
�%�#	"�%� t [
Mi
ª@�e° giny|jXCr@fcg1¥¦km|pZedYfq[

t [�¢
gCum[Cr)�
P (Mi|X)

r)°  Iw)|jaqh

P (Mi|X) =
P (X|Mi)P (Mi)

P (X)
.

¨8�m©
6�kxdyr rjdYnYnTk>rvkxlyr t gmlyr,hjkxdohj[&fsg\rvdyaÏhp[&±>dY[&fcg!fckma� �:�%�#	��%� t [Ir Z!k t X)fc[Ir

Mi
[Cr�h�lYkml�aclo¥¦km|pZ§g�hpaq­m[90

P (M1) = P (M2) = . . . = P (Mm).
«�aclyrja7�ygmdywQdyl�Z!k t X)fc[1l�° [Irvh ny|jac­baqfc )�xaq xª@_bkxdyr w)[Qhvhp[&W>ubnTkihpWYXIrj[1[Qh t ° ginY|pXIr&¨

1
©,[Qhe¨

2
©Q�Yfsg!|p[IwpWy[)|
wpWY[ t d�Z\[Iaqfcfq[IdY|

Z\k t XIfq[�lY[�ly IwQ[CrjrjaÏhp[�±>dY[�fc[ewIgifswQdYf t [�fsg t asr�hp|jac�Ydohpaqkxl
P (X|Mi)

ª���[ewIgifswQdYf�rI° kx�ohjac[)l>hFnygm|�f8° aclxhp )�m|
g�hpackml t [�fsg
t asr�hp|jac�Ydohpaqkxle~�kmaclxhj[ t d�­m[Cw¡hj[IdY| t [Ir,nygm|pgmZ\XQhj|p[Ir

θi
[)h t [Ir t kmlYly )[Ir

X
�
P (X, θi|Mi)

�orjdY|,hjkxdohj[Cr,fq[Cr,­�gifc[)dy|pr t [
θi

0

P (X|Mi) =

∫

Θi

P (X, θi|Mi)dθi =

∫

Θi

gMi
(X, θi)P (θi|Mi)dθi,

k��
gMi

(X, θi)
[Irvh�fcg!­b|
giasrv[IZe�YfcgmlywQ[1wQkx|j|p[IrjnTkml t gil>h
gmd�Z\k t X)fc[

Mi
t [&nygi|
giZ\X)hj|p[Ir

θi
0

gMi
(X, θi) = P (X|θi,Mi).

� l�|p ) Iw)|jaqh w)[Qhjhj[&aclxhj I�m|
gifc[1rvkxdyr
fcg.¥¦kx|jZ\[

P (X|Mi) =

∫

Θi

[ g(θi)dθi,
k��

g(θi) = log (gMi
(X, θi)P (θi|Mi)).

�¾g�nY|pkm�ygm�Yaqfcaqhj 
P (X|Mi)

[Cr�h1ginYnT[)fc )[��.�� �� ���������  ����8����� �!���"��� � �G	������ �9�9	*� �!� �
Mi
ª���[.wIgifswQdYf�[)zogxw¡h t [.wQ[)hvhp[

nY|pkm�ygm�Yacfqaqhj  [Irvh}|
gi|p[)Z\[Ilxh@nTk>rjrjac�Yfq[x�mkml\f8° gmnYnY|pkowpWy[ gifckm|
r�[)l§dohjacfqasrpgilxh�fsg1Z\ QhpWYk t [ t ° ginYnY|pk¯zbacZ§g�hpaqkxl t [F�¾gmnYfsgmwQ[
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L : R

d → R
���!�#� ���!���

L
�
�%� �3�����

�
	�� � �"� � ���J��� ���# ���� � � ���
R

d �
�  ������
��� � ��� ��� ���!������ ������ ��� �	���
R

d ���
u? ��� � 	�� �

∫

Rd

� nL(u)du =
� nL(u?)

(
2π

n

) d
2

| − L′′(u?)|− 1
2 + O(n−1).

��[ |p IrjdYfÏh
g�h@|p[Irvhj[
­�gmfcgm�Yfc[,nTkmdy| t [Ir�¥¦kmlywQhjackmlyr
L
±>dYa t  )nT[Il t [)l>h t [

n
rjkmdBr@wQ[)|jhpgmaqlY[Cr�w)kml t aÏhpaqkxlyr ¨:wQ¥O«�lYly[Qzo[

¢ ©¡ª 6Fkmdyr f7° ginYnyfqas±>dYkmlyr
aswQa¾®!fsg.¥¦kmlywQhjackml 0

Ln(θi) =
g(θi)

n
=

1

n

n∑

k=1

log (gMi
(Xk, θi)) +

log (P (θi|Mi))

n
.

¨7�x©

6�kxdyr
lykihjkxlyr

 θ?
i = argmaxθi∈Θi

Ln(θi)
�

 Aθ?
i

f7° kmnynBk>rv  t [&fcg!Z§gihj|pacw)[�WY[Crjrjac[)lYlY[ t [Ir t  )|paq­m I[Ir rv[CwQkml t [Ir
nygi|jhjac[)fcfc[Ir t [1fsg.¥¦kxlyw¡hjackxl
Ln(θi)

[Il
θi

0

Aθ?
i

= −
[

∂2Ln(θi)

∂θj
i ∂θl

i

]

j,l

|θi=θ?
i
,

¨:]>©

k��
θj

i

[Irvh�fcg
j
X)Z\[�wQkmZ\nTk>rjgmlxhj[ t d�­m[Cw¡hp[)dY| t [Cr
nygm|pgmZ\XQhj|p[Ir

θi
ª

6�kxdyr
kx�ohj[IlYkmlyr

P (X|Mi) =
[ g(θ?

i )

(
2π

n

)Ki/2

|Aθ?
i
|−1/2 + O(n−1),

kmd�[IlywQkx|j[

log (P (X|Mi)) = log (gMi
(X, θ?

i )) + log (P (θ?
i |Mi)) +

Ki

2
log (2π) − 1

2
log (|Aθ?

i
|) + O(n−1).

¨8�m©

�¾g t a"!§w)dYfÏhp �Z\gmaql>hj[Ilygil>h�[Irvh�f7°  )­igifcdyg�hpaqkxl t [
θ?

i

[)h t [
Aθ?

i

ª�«FrjubZ\nohjkmhjas±>dY[)Z\[)l>hI�
θ?

i

nT[)doh >Qhp|j[&|p[)Z\nYfsgmwQ 1nygm|
f8° [Cr�hpaqZ§g�hp[)dY| t d�Z\gizoaqZedYZ t [&­b|
giasrv[IZe�YfcgmlywQ[

θ̂i
0

θ̂i = argmax
θi∈Θi

1

n
gMi

(X, θi),

[Qh
Aθ?

i

nygi|
Iθ̂i

k��
Iθ̂i

[Ir�h�fsg!Z\gihj|paswQ[ t ° aclo¥¦kx|jZ§g�hpaqkxl t [ �'asrvWY[I| nTkmdY| dylY[&km�yrj[)|p­�g�hpackml t  Q¬BlYaq[&nygm|;0

Iθ̂i
= −E





[

∂2 log (gMi
(X1, θi))

∂θj
i ∂θl

i

]

j,l

|θi=θ̂i



 .

�}lS[Q´µ[QhC�bfqkx|prp±>dY[
n
[Cr�h��x|pgml t �

log(gMi
(X, θi)P (θi|Mi))

rj[�wQkxZ!nTkx|vhp[FwQkxZ!Z\[
log(gMi

(X, θi))
�b±>dYaµwQ|pk�(sh�g¯­m[Iw

n
hpgml t asr.±>dY[

log(P (θi|Mi))
|p[Irvhj[�wQkxlyr�h
gil>hIª�� [)Z\nYfsgmw)[)|

θ?
i

nBgi|
θ̂i
[Qh

Aθ?
i

nygm|
Iθ̂i

t gilBr�¨
5
©�aclxhj|pk t dyaÏh!dYl

CDC Ý"EGF
H.IJF



� � ���  ������#�
�����  ��	��

���� ����

hj[I|jZ\[ t ° [I|j|p[)dY| [)l
n−1/2 ¨:wQ¥�«FlYlY[)zb[.�
©Qª 6�kxdyr
kx�ohj[)lykmlyr 0

log (P (X|Mi)) =

hj[Il t ­m[)|
r −∞ gC­m[Cw
n

︷ ︸︸ ︷

log (gMi
(X, θ̂i)) −

Ki

2
log (n)

¨:�>©

+

|p[Irvhj[1�Tkm|plY 90 O(1)
︷ ︸︸ ︷

log (P (θ̂i|Mi)) +
Ki

2
log (2π) − 1

2
log (|Iθ̂i

|) +O(n−1/2).

�}l�lY I�mfcac�m[Igmlxh
fc[Ir
hj[I|jZ\[Ir t ° [I|j|p[)dy|pr O(1)
[)h O(n−1/2)

�YlYkmdyr
kx�ohj[IlYkmlBr

log (P (X|Mi)) ≈ log (gMi
(X, θ̂i)) −

Ki

2
log (n).

��° [Irvh t [�w)[Qhjhj[�ginYnY|pk¯zbacZ§g�hpaqkxl1±>dY[}fq[�wQ|paÏhpX)|p[}¢,£j� [Cr�h�acrprvd¾ª¾{}fcdyr¾nY|j CwQasrv IZ\[)lxhC�CnTkmdY|¾fc[}Z\k t XIfq[
Mi

acfxw)km|p|j[CrvnTkml t
®!f8° gmnYnY|pkCzoacZ\gihjackml t [ −2 log P (X|Mi)

[Qh�[Irvh t kmlyw t  Q¬ylYa¾nygi|;0

BICi = −2 log (gMi
(X, θ̂i)) + Ki log (n).

¨�&m©
��[&Z!k t X)fc[&rj )fc[Iw¡hpaqkxlYlY 1nygm| w)[&w)|jaqhjXI|j[1[Irvh

MBIC = argmin
Mi

BICi.
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	 6Fkmdyr\gC­xkmlyre¥:giaqh\f8° Wbu>nTkmhjWYXCrv[�±>dY[�fsg�fckxa t [Cr!Z!k t X)fc[Ir
P (Mi)

[Cr�h\dYlyaÏ¥¦kx|jZ\[mª5�¾g�nY|jasrj[�[)l
wQkxZ\nohj[ t ° dylY[Faclo¥¦km|pZ\gihjackml  �
�%�#	"�%�@rjdY|�fc[Ir�Z!k t X)fc[Ir}[Cr�h�hjkxdohj[)¥¦kmasr}nTkxrprjaq�Yfc[m�xkxl§dohjacfcacrj[�gifckm|
r@fq[�wQ|paÏhpX)|p[ Z\k t aq¬y 
0

−2 log (gMi
(X, θ̂i)) + Ki log (n) − 2 log (P (Mi))

� �b� �����O� � � 	���° [I|j|p[)dy|�[)l O(n−1/2)
t gmlyr�f8°  )�xgmfcaÏhp �¨

6
©�[Irvh1lY )�xfqac�m[Cgi�Yfc[efckm|
rp±xdy[

n
hj[)l t ­m[)|
r�f8° aclo¬ylya7ªe{@gi|

wQkxlxhp|j[�f7° [)|p|j[IdY| t ° gmnYnY|pkCzoacZ§g�hpaqkxl&[)l O(1)
nT[Idoh�nT[)|jhjdY|p�T[)|�fc[,w
WYkmaqz t deZ\k t X)fc[�¬ylygifbZ<>IZ\[,rja>fq[Cr t [)dYz&ny|j[)Z\ac[)|
r

hj[I|jZ\[Cr�rvkxlxhenY|j InTkml t  I|pgmlxh
r&±>dygil t
n
[Irvh��x|pgml t nYdYasrj±>d�° [)fcfc[§[Cr�h.rvuorvhj IZ\gihjas±>dY[mª 6� IgmlYZ\kmaclyr&nTkmdy|ewQ[)|jhpgmaqly[Ir

t asr�hp|jac�Ydohpaqkxlyr  @�
�%�#	"�%��rjdY|.fc[Irenygm|pgmZ\XQhj|p[Ir
θi
�@fq[Shj[I|jZ\[ t ° [)|p|p[)dY|enT[Idoh<>Qhp|j[SnYfcdyr.nT[QhpaÏh§±xdy[ O(1)

ª ��gmlyrefc[
w)gxr t ° dylY[ t asr�hp|jac�Ydohpaqkxl ZedYfqhjaclYkx|jZ§gifc[enygm|�[Qzo[)Z\nYfc[m�µfq[ehj[I|jZ\[ t ° [I|j|p[)dy|F[Irvh t [ef8° km| t |j[ t [ O(n−1/2)

¨7��g�¥ hp[)|pu
¨��.)3)m]>©v©Qª
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�}° dYlY[ t [Cr t a"!�wQdYfqhj Cr t d�wQ|paqhjX)|p[ ¢,£j��[Irvh�rvkxl!aclxhp[)|pnY|j )hpgihjackml�ª'��g&±>dY[Irvhjackml\[Irvh}fsg&rjdYac­�gil>hj[;0�±xdy[)fy[Irvh}fc[ Z\k t XIfq[
±>dY[&f8° kml<w
WY[)|
w
WY[�®§rv Ifq[Cw¡hpaqkxlYlY[)|�nygm| fc[ewQ|paÏhpX)|p[&¢,£j������w)[&lYac­m[Igmd��yfq[Cr lYkmhjackmlyr t [&nY|pkm�Bgi�Yacfqaqhp @ ;�
�%�#	"�%�,kmd  
�G	�� �����%�#	��%� t ° dYl<Z\k t XIfq[ervkxlxhFnT[)d<[QzonYfcaswQaqhj[Ir�[)hFlY[ t kmlylY[)l>hFnygmr�dYlY[�a t  )[�aclxhpdYaqhjac­m[ t [ew)[e±xdy[�¢,£j� w)kmlyrja t X)|p[
>Qhp|j[FdYl 
¡�Tkml 
,Z\k t X)fc[mª@��[Ir�wQkxlyrva t  I|pgihjackmlyr}gmrjubZ\nohjkmhjas±xdy[Ir}nY|j Crv[Ilxhp )[Ir}aswQaB­mkxlxh�lYkmdyr�nT[)|pZ\[Qhvhp|j[ t ° aclxhp[)|pnY|j )hj[I|
wQ[)hvhp[�lYkmhjackml t [�Z\[)acfcfq[IdY|�Z\k t X)fc[m� t [ t  Qhp[)|pZ!aclY[I|�w)[�±>dY[�f7° kml�[)l>hj[Il t nBgi|¾ny|jkx�ygi�YacfcaÏhp   �G	=�%���
�%�#	"�%� t ° dYleZ!k t X)fc[m�
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)wQkmlyrjasr�h
gil>h�nTkmdy|'fsg t acZ\[)lyrjaqkxl 
�ª@��[Qhjhj[
aql>hj[)|pnY|p Qhpgihjackml
lYkxdyr�nT[I|jZ\[Qhjhj|
g.gidBrjrja t [ t asrpwQdohp[)|
fcg.lY Iw)[Irprvaqhj  t [�f8° WbubnTkihjWyXIrj[ t ° ginYnBgi|jhj[)lBgilyw)[ t d�­b|
giaTZ\k t X)fc[1®efsgefcacrvhp[ t [Ir
Z\k t XIfq[Cr wQkmlBrva t  )|p IrIª
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6�kxdyre|p[)ny|j[IlYkmlyr�aswQa,fsg |p[)Z§gi|
±>dygi�Yfc[�nY|j Crv[Ilxhpgihjackml t [�wQ[Qhjhj[�lYkmhjackml�nY|pkmnTk>rv I[§nBgi|!¢,dY|jlyWygiZ gil t «Fl t [)|
rjkml
¨7�m�m�>�m©¡ª'6�kmdBr rjdYnYnTkxrjkmlyr
fq[Cr wQkxlYlygmacrprjgmlywQ[Cr,rjdY| fc[&wQ|paqhjX)|p[1«F£j�½[)h�rpg t  )Z\kxlyr�hp|pgihjackml�gmwI±>dYacrj[IrIª

�FginYnT[)fckmlBr�±>dY[efcg t [Ilyrvaqhp e®§[IrvhjacZ\[)|F[Cr�h
f
ª � l rvdYnYnTk>rv[e±>dY[�fc[Ir

m
Z\k t XIfq[Cr

M1, ...,Mm
rjkmlxhF[IZe�Tk�(shj Cr)ª

�¾g�nyrj[)d t ki² t asr�h
gilyw)[ t [&%1dYfqfc�ygxwp¶>²¤��[)ac�Yfc[)|\¨:gmnYnT[)fc )[ t gilyr�fsg�rjdYaqhj[ t acrvhpgmlywQ['%���©F[Ilxhj|p[ t [Idoz t [)lBrvaqhj Cr
f
[Qh

g[Irvh t  Q¬ylYac[&nygi|;0

dKL(f, g) =

∫

Ω

log

(
f(x)

g(x)

)

f(x)dx.

{�gm|�gi�ydyr t [&lYkih
g�hpaqkxl��okml t  )¬ylYaqh�fsg t asr�h
gilyw)[(%&� t [
f
gid�Z\k t XIfq[

Mi
nygi|;0

dKL(f,Mi) = inf
θi

dKL(f, gMi
(., θi)).

¨�-x©

{}dYasrp±xdy[�fc[Ir
Z\k t X)fc[Ir
rjkml>h
[)Ze�Tk"(chp IrI�ofcg t asrvhpgilBwQ[)%&��[Irvh dYlY[�¥¦kmlywQhjackml t  IwQ|pkmasrjrpgil>hj[ t [1fcg t aqZ\[)lyrjackml
Ki
ª � l

lYkmhj[
Mt

fq[�Z\k t X)fc[�®�nygi|jhpaq| t dB±xdy[)f wQ[Qhjhj[ t asr�h
gilyw)[Sly[ t acZ!acl>dy[�nyfqdyr+*�ª���d nTkmaclxh t [�­bdY[ t [�fsg t asr�h
gilyw)[
KL

�
Mt

t kmaqh >Qhj|p[�nY|p Q¥¦ I|j e®\hjkxdyr�fc[Ir�rvkxdyr�²³Z\k t XIfq[Cr
Mi
�
i = 1, ..., t − 1

nYdYasrj±>d�° aqf�[Cr�h�nYfcdyrFnY|jkYwpWY[ t [
f
ª {�gm|

giacfcfq[IdY|prI�
Mt

t kmaqh&gidyrprva >)hj|p[.ny|j )¥¦ )|p !®�hjkxdyr�fq[Cr�Z!k t X)fc[Ir t ° kx| t |j[!rvdYnT I|jac[)dY|
r
Mi
�
i = t + 1, ...,m

��nYdYasrp±>d�° acfsr
rjkmlxh,nYfcdyr,wQkxZ\nYfqas±>dY Ir,±>dY[

Mt
rjgmlyr�nTkmdy|,gidoh
gil>h�>)hj|p[FnYfcdyr�ny|jkow
WY[Ir t [

f
0@wQ[Cr�Z\k t XIfq[Cr�rjkml>h t kxlywFrjdY|
g�~�dyr�hp IrIª

6�kxdyr�gifcfckmlyrFZ!kxlxhp|j[I|�±>dY[efc[.wQ|paqhjX)|p[e¢,£j� [Irvh�wQkxlyrvasrvhpgil>hFnTkxdY|�w)[eZ\k t X)fc[enygm|vhpacw)dYfqac[)|C� t  Crvac�mlY enygm|�¢,dY|plYWygiZ
[QhF«Fl t [)|
rjkml�w)kmZ\Z\[1fc[1Z\k t XIfq[�
)±>dygmrjaq²8­b|pgia 
�ª'{'kxdY|

n
rjdYnYnTkxrj 1�m|
gil t �bkml�rI° aql>hj )|p[Irprj[1®!fcg t aÏ´µ )|p[)lyw)[90

BICi − BICt, i 6= t.

�����b� � ���§» �y���
i < t�.° gmnY|jXCr&¨�&m©¡�Ykml�g 0

BICi − BICt = −2 log(gMi
(X, θ̂i)) + 2 log(gMt

(X, θ̂t) + (Ki − Kt) log(n)

= 2n

[

− 1

n

n∑

k=1

log(gMi
(xk, θ̂i)) +

1

n

n∑

k=1

log(gMt
(xk, θ̂t))

]

+ (Ki − Kt) log(n)

= 2n

[

1

n

n∑

k=1

log

(

f(xk)

gMi
(xk, θ̂i)

)

− 1

n

n∑

k=1

log

(

f(xk)

gMt
(xk, θ̂t)

)]

+ (Ki − Kt) log(n).

��[Cr t [Idoz t [I|jlYacX)|p[Ir\rjkmZ\Z\[Ir\rjkml>h t [Cr![Cr�hpaqZ§gihj[)dy|pr\w)kmlyrjacrvhpgmlxh
r t [Ir§±>dygil>hjaqhj Ir
dKL(f,Mi)

[)h
dKL(f,Mt)

�
|p[IrjnT[Iw¡hpaq­m[IZ\[)lxh�¨7w¡¥@� acnYfc[)u�¨v�*)3)>�m©j©¡ª'{�kmdY|

n
�m|
gil t �okml�g t kxlyw<0

BICi − BICt ≈ 2n[dKL(f,Mi) − dKL(f,Mt)] + (Ki − Kt) log(n).

��[Qhjhj[ ginynY|jk¯zoaqZ§gihjackml����Yac[)l ±>dY[ t  )hj[I|jZ\aclYacrvhj[x� rvd�!\h½®�[QzonYfcaswQaqhj[)| fq[ wQkxZ!nTkx|vhp[)Z\[)l>h gmrju>Z\nohpkihpac±>dY[ t [
BICi−BICt

0¾fq[�nY|p[)Z\aq[I|¾hj[I|jZ\[ t kmZ\aclY[�[)h�hj[Il t ­m[)|
r
+∞ g¯­m[Iw

n
ª � l�[)l t   t dyaÏh t kmlBw�±>d�° gmrju>Z\nohpkihpac±>dY[IZ![Ilxh

fc[Ir
Z\k t X)fc[Ir
Mi
�
i = 1, ..., t − 1

rjkml>h t asrp±xdBgifcaÏ¬y Cr
nygi| fq[�wQ|paqhjX)|p[1¢,£j��ª

, �>���
�.-b� ��» �Y�<�
i > t��gilyrFwQ[ew)gmr fs®Y�ykml�|p[Iw)kmlYlBg=(sh t gmlyr fc[1hp[)|pZ\[

2 log(gMi
(X, θ̂i)) − 2 log(gMt

(X, θ̂t))
fsg§rvhpg�hpacrvhjas±>dY[ t d�hp[Irvh t d
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|
ginYnTkx|vh t [e­>|
giasrj[)Ze�Yfsgilyw)[1nTkmdY| t [)doz�Z\k t X)fc[Ir [IZe�Tk�(shj IrI�B±>dYa�rjkmdBr f7° W>ubnTkihpWYXIrj[
Ho

rjdYaqh�gmrjubZ!nYhjkihpac±>dY[IZ\[)lxh
dYlY[&fckma t d ��WyaÏ²��!®

(Ki − Kt)
t [)�m|p Ir t [1fcac�T[)|jhj mª � l�g t kxlyw<0

BICi − BICt ≈ −χ2
(Ki−Kt)

+ (Ki − Kt) log(n).

��° [Irvh�aswQa'fc[!rv[CwQkxl t hj[)|pZ\[.±>dYa t kxZ\aqlY[.[)h�hj[)l t ­m[)|
r
+∞ g¯­m[Iw

n
�µfq[CrFZ\k t XIfq[Cr

Mi
�
i = t + 1, ...,m

rjkmlxh�[)doz
gidBrjrja t acrp±>dygifcaq¬y IrIª���[Fhj[)|pZ\[F[Il

log(n)
~�kmdy[ t kxlyw�dYlS|87mfc[ ¥¦kxl t giZ\[Ilxhpgmf 0�aqfµgxrjrjdY|p[F±>dY[Ffc[�w)|jaqhjXI|j[�¢,£j� nT[)|pZ![)h

t [!wQkxl>­m[)|p�m[I|�­m[)|
rFfq[!±>dygmrjaÏ²³­b|pgia¾Z\k t XIfq[xª1��° [Irvh�w)[Qhjhj[!wQkxl>­m[I|j�x[)lywQ[�­m[)|
rFfq[.Z\k t X)fc[.±>dygxrvaq²8­b|
gia7�BZ9>)Z\[!r)° aqf'[Cr�h
[)Ze�Tk"(chp  t gmlyr
dYl�Z\k t XIfq[1nyfqdyr �x )lY )|
gif8�o±>dY[&f7° kml�gmnYnT[)fcfq[�wQkmlBrvasr�h
gilyw)[�nTkmdY| fsg t acZ\[)lyrjaqkxl�ª

£¤fylykmdyr}[Ir�h�Z§giaclxhp[)lygmlxh�nTkxrprvac�Yfc[ t ° aql>hj[)|pnY|p Qhp[)|�wQfsgiac|p[)Z\[)lxh�wQ[�±>dY[�f8° kxl\[)lxhp[)l t nygi|}nY|pkm�ygm�Yacfqaqhj   �G	��%�!���%�#	��%�
t d�Z\k t XIfq[

Mi
ª���fqfc[!rI° [IrvhjacZ![!®�nBgi|jhjac| t [Ir t aq´T I|j[IlywQ[Ir

∆BICi = BICi − BICmin
�µk��

BICmin
t  Irjaq�xlY[efsg

nYfcdyr nT[QhpaÏhp[&­�gmfq[IdY|
km�Brv[I|j­m I[ t [�¢,£j��rvdy| fq[Cr
m
Z\k t X)fc[IrIª � l�g 0

P (Mi|X) =
exp(− 1

2∆BICi)
∑m

l=1 exp(− 1
2∆BICl)

.

��[Qhjhj[�nY|jkx�ygi�YacfcaÏhp  hj[)l t ­m[)|
r���nTkxdY|�fc[FZ!k t X)fc[F±>dygxrvaq²³­>|
giaYfqkx|prp±>dY[
n
hj[Il t ­m[)|
r}f8° aclo¬ylYa8�b[Qh�­m[I|pr���nBkxdY|}hpkmdyr�fc[Ir

gidYhj|p[IrIª�«�d!­>d t [Cr�wQkxlyrva t  I|pgihjackmlyr¾nY|p Iw)  t [Ilxhj[Cr)�ilYkmdyr'nTkxdY­mkmlyr t  Q¬ylYac|@w)[Qhvhp[,nY|pkm�ygm�Yacfqaqhj ,w)kmZ\Z\[,fcg�nY|pkm�ygm�Yaqfcaqhj 
±>dY[

Mi
rjkmaqh fc[1Z\k t XIfq[�±xdBgmrjaÏ²³­b|pgia t [1fsg!fcacrvhj[�wQkxlyrva t  I|j I[m�orpgmw
Wygil>h fq[Cr t kmlylY )[Cr)ª
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�¾g�±>dY[Cr�hpaqkxl t [\rjg¯­mkmac|�rva�fc[.­b|
gia'Z!k t X)fc[!g¯uxgilxh�[IlY�m[)l t |j .fc[Ir t kmlYly )[Ir t kmaqh&ginYnygm|pg�(chp|j[ekmd�lYkxl t gilBr�fsgSfqasrvhj[
t [Cr Z!k t X)fc[Ir�wQkmlyrja t  )|p Ir
[Irvh�fqkxlY�ihp[)Z\nyr t [)Z\[)dY|p )[&[)l<rjdyrvnT[Il t�t gilyr fcg\fcaÏhjhj )|
g�hpdY|p[&wQkxlyrjgxwQ|p )[1gid�w)|jaqhpX)|j[&¢,£j��ª
¢,aq[Il�±>dY[&lbdYfqfc[&nBgi|jh�wQ[)hvhj[�W>ubnTkihpWYXIrj[&gmnYnygi|
giasrprv[1wQkmZ\Z\[1ly IwQ[Crjrpgiac|p[ t gilyr fsg\wQkxlyrvhj|pdyw¡hpaqkxl t d<w)|jaqhpX)|j[&¢,£j���Yacf
rj[)Ze�Yfsgiaqh t a"!§w)aqfc[ t [\wQkmlBwQ[)­mkxaq|1±>dY[!fq[\w)|jaqhjXI|j[!¢,£j�LnT[I|jZ\[)hvhj[\fcg�wQkxl>­m[)|p�m[IlywQ[e­m[I|pr�dyl�Z\k t X)fc[m��rja@w)[.l¾° [Cr�h1fc[
­b|pgma7ª���° [Irvh�nTkxdY|p±>dYkxabwQ[)|jhpgmaqlBr'gidohp[)dY|
r�kxlxh@w
WYkmasrja t [
nTkxrj[)|�wQ[)hvhj[
W>ubnTkihpWYXIrj[
rjgmlyry~�dyrvhjaq¬y[)|}rjkmledohpaqfcaqhj &¨7_YwpW 	,gi|8,
¨��.)/&"-x©¡�m��g�¥ hp[)|puS¨v�*)�)i]>©j©¡ª'�¾g�nygm|vhpaq[
ny|j CwQ  t [Ilxhp[
|p Irjkmdoh t [ Z§gilYacX)|p[ rvacZ\nYfq[�w)[ t acfq[IZ\Z![�0�fq[�wQ|paqhjX)|p[ ¢�£j��gxrjrjdY|p[
fsg�wQkxl>­m[)|p�m[.[)l nY|pkm�ygm�Yaqfcaqhj !­m[)|
r�fc[§±xdBgmrjaÏ²³­b|pgia'Z\k t X)fc[!fckm|
rj±>d�° acf'[Cr�h&dYlYas±>dY[<¨:wQ[§±>dYa@[Irvh&­b|pgma t gmlyr�fsg��m|
gil t [
Z§g�~�km|paÏhp  t [Ir�w)gmr
©¡ª

6F IgmlYZ\kmaclyr)�Ofc[\±>dygmrjaÏ²³­b|pgia�Z\k t XIfq[!nT[)doh;>Qhp|j[.hj|pXIr� )fckmac�mly �¨7gid rj[)lyr t [!fsg t asrvhpgilBwQ['%&��© t d�­b|pgma'Z!k t X)fc[mª
«�aclyrja7�'dYly[§nY|pkm�Bgi�Yacfqaqhp   9�G	�� �����%�#	��%�1 )fc[)­m I[m�'gidyrprja@ny|jkow
WY[ t [<��rjkmaqh�[)fcfc[m��ly[�rjaq�xlYaq¬y[§[)l�|pac[)l ±>dY[§fc[§Z\k t XIfq[
|p[Qhj[Il>d�[Irvh�fq[�­b|pgmaFZ!k t X)fc[mª�{'kxdY|SnTkxdY­mkmac|S�xgi|
gil>hjac|�±>dY[�fc[�Z!k t X)fc[�w
WYkmasrja ���
� �
��[Cr�h�fc[�­>|
giaFZ\k t XIfq[x� acf
¥:gidYh�nTkmdY­mkxaq|��xgm|pgmlxhpaq|�±>dY[!wQ[ t [)|plYac[)|F¥:gmaÏh1nygi|jhjac[ t [.fsg�fcasr�hp[

M1, ...,Mm
ª���° [Cr�h�[Il�w)[!rv[Ilyr�±>dY[.f8° WbubnTkihjWyXIrj[

t ° ginYnBgi|jhj[)lBgilywQ[1®!fsg!fcacrvhj[
M1, ...,Mm

t d�­b|
giaOZ!k t X)fc[1[Irvh lY CwQ[Crjrpgiac|j[xª

� ���e� /�0&�'0e�Q"¾��� ��� "-�����
	��
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��[CrFwQ|paÏhpX)|p[Ir�«�£j� ¨7«�¶igiac¶m[�¨v�*)/&i�x©j©�[)h�¢,£j��kxlxh�rjkmdY­m[Ilxh�¥:giaqhFf8° km�o~�[Qh t [ewQkxZ!nBgi|
giasrvkmlyr
[IZ!nYac|pac±>dY[Cr�¨7¢,dY|jlyWygiZ
gil t «�l t [I|prjkml�¨7�m�m�x�x©¡�>¢,k3, t km�>gil<¨��.)3-/&m©v©Qª'��gilyr�fcg�nY|
g�hpas±xdy[m�xacfµg� Qhp Fkx�yrv[I|j­m F±>dY[Ffc[�wQ|paÏhpX)|p[F¢,£j� rv Ifq[Cw¡hjackmlylY[
t [Cr@Z\k t X)fc[Ir t [ t aqZ\[Ilyrvackml\nYfcdyr}nT[QhpaÏhp[F±xdy[ fq[�w)|jaqhjXI|j[�«�£j���xwQ[�±>dYayl�° [Irvh}nygxr@rjdY|pnY|j[Ilygil>h@nYdYasrj±>dY[F¢�£j��nT )lBgifcacrj[
nYfcdyr!±>d�° «F£j� ¨ t XIr!±>dY[

n > 7
©¡ª��¾g�±>dY[Irvhpaqkxl�±>dYa,lYkxdyreaclxhp )|p[Irprv[Sacw)a,[Irvh t [�rpgC­mkxaq|.rva,f8° kxl�nT[)doh!|p )[Ifqfc[)Z\[Ilxh
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wQkxZ\nygi|p[)|.fq[Cr.nT[I|v¥¦km|pZ§gilyw)[Ir t [�wQ[Cr t [)dYz5wQ|paÏhpX)|p[IrI�@[Qh§rva
kmdya
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nYfc[)aclY[)Z\[Ilxh�gmd�­bd t [�fcg\fcaqhvhj I|pgihjdY|p[mª,¢,aq[Il<rvkxdY­m[)l>h�fq[Cr�w)kmlyw)fqdyrjackmlyr t [IrFgidohp[)dY|
r�rvdY|Ffq[Cr nT[)|j¥¦km|pZ§gilyw)[Ir t ° «�£j�
[Qh t [�¢,£j� rvkxlxh�nyfqdyr��xdYa t  )[Ir}nBgi|�f7° a t  )[�±>dY[Frj[ ¥¦kml>h�fc[Ir�gmdohj[IdY|
r t ° dYl 
Q�Tkml�wQ|paÏhpX)|p[�

±>dY[�nygm|�fcg t  IZ\kmlyrvhj|
g�hpaqkxl
km�o~�[IwQhjac­m[ t [.fsgSrjdYnT )|packm|paÏhp  t ° dYl wQ|paÏhpX)|p[.rvdY|�f8° gmdohj|p[m�OwQkmZ\Z\[.f7° acfqfcdyrvhj|p[efsg t acrpwQdyrprjaqkxl [)lxhp|j[!��gi¥ hj[)|pux����[IfqZ§gil
[Qh � dY�yaql ¨7��g�¥ hp[)|pu<¨v�*)3)m]>©j©@kmdSfsgenY|j Crv[Ilxhpgihjackml t [Ir t [)dozSwQ|paqhjX)|p[Ir�nygi|
¢,dY|plYWygiZ [)h «�l t [I|prjkml�¨:¢,dY|plYWygiZ-gil t
«�l t [)|
rvkxl ¨8�i�x�x�m©j©¡ª

6Fkmdyr}w)kmZ\Z\[)lyw)[)|pkmlyr t kmlyw
nygm|@|
ginYnT[Ifq[I|�fc[Ir@nY|pkmny|jac Qhp Ir�|j[CrvnT[Cw¡hpaq­m[Cr t ° «F£j��[Qh t [�¢,£j���mg¯­�gil>h t [�w)kmlyrja t  I|j[I|
fc[Ir
Z\ )hjWYk t [Ir
ny|jkxnTkxrj )[Ir,nTkmdY| fc[)dY|FwQkmZ\nygm|pgmacrjkml�ª
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6�kxdyr�gC­mkxlyr!­bd½±>dY[<fq[ w)|jaqhjXI|j[<¢,£j� [IrvhSwQkmlBrvasr�h
gil>h§nTkmdY|§fc[<Z\k t XIfq[ ±xdBgmrjaÏ²³­b|pgia8ª �� )Z\kxlxhj|pkmlBr\Z§giaclxhp[)lygmlxh
±>d�° «�£j�5lY[�nBgi|jhpgi�x[
nygxr}w)[Qhvhp[�ny|jkxnY|jac Qhp mª 6Fkmdyr}|
ginYnT[Ifqkxlyr}±xdy[�f7° km�o~�[IwQhjaq¥O[Cr�h t [FwpWykmasrvac|}fc[�Z!k t X)fc[
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∫
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(
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WYkmasrjaq|�[)lxhp|j[�dYl�Z\k t X)fc[FnY|j  t asw¡hjaq¥�[)h,dYl�Z\k t XIfq[
[QzonYfcasw)g�hpaÏ¥�ª�{@gi|'giacfcfq[IdY|prI�Cfc[Ir¾|p IrjdYfqhpg�h
r¾rjdY| t kmlYly )[Ir�rjaqZedyfq I[Ir¾Z\kml>hj|p[)lxh�®�±>dY[IfxnTkmaclxh'fq[Cr¾nT[)|j¥¦km|pZ§gilyw)[IrOny|pgihjas±xdy[Ir
rjkmlxh�¥¦kmlywQhjackml t [Ir t kxlYlY )[Cr)�b[)lSnygi|jhjaswQdYfcac[)| t [�fsgewQkxZ!nyfq[)zbaqhj  t dS­b|
giaBZ!k t X)fc[F[)h t [Ir�Z\k t XIfq[Cr�w)gml t a t g�h
r)�>[)h t [
fsg&h
giacfcfq[ t [�f7°  Iw
Wygmlxhjacfcfqkxl�ª���[Ir,w)kmlyrja t  )|pgihjackmlBr}nY|
g�hjas±>dY[Ir�[Qh,hjWY Ikm|pac±>dY[Cr�Z\kml>hj|p[)lxh ±xd¾° acfTl¾° [)zbasrvhj[�nygxr t [�w)|jaqhjXI|j[
dYlYac­m[)|
rj[)fcfq[IZ![Ilxh
Z\[Iaqfcfq[IdY|Cª}_b[)dyfcr
f8° kx�b~�[Cw¡hpaÏ¥ t [1f8° [)zbnT I|jacZ\[)l>hpg�hp[)dY|
[)h rpg!wQkxlYlygiasrprjgmlywQ[ t [Ir t kmlYly )[Ir ®!gilygmfquorj[)|
nT[)dY­x[)lxh t kxlYlY[I| dYl�rj[)lBr ®!fcg!lykihjackxl t [&rjdYnT )|packm|paÏhp  t ° dyl�w)|jaqhjXI|j[&rvdy| f7° gidohp|j[xª

� �������
�Q*�"¾�Q�e��"

6�kxdyr�g¯­mkxlyr@ CwQfsgiac|pw)aYfc[Ir�W>ubnTkihpWYXIrj[IrI�xfq[Cr}kx�b~�[Cw¡hpaÏ¥:r�[Qh�fc[Ir�nY|jkxnY|paq )hj Ir t dSwQ|paÏhpX)|p[�¢,£j��ª>��[Cr�w)kmlyrja t  )|pgihjackmlBr t [�w)[Qh
gi|jhjaswQfc[!lY[\nY|p Qhp[)l t [)lxh�nygmr >Qhp|j[\[QzoWygidBr�hpaq­m[Cr<0�[Il nygi|jhjaswQdYfcac[)|C�OlYkxdyr�l¾° g¯­mkmlyr�nygxr�nY|p Irj[)l>hj \acw)a@fc[Ir1fqac[)lBr1[)lxhp|j[
¢,£j�5[Qh,fq[�¥:gxw¡hj[IdY| t [�¢
gCum[Cr�¨4%&gmrpr}gml t ��g�¥ hp[)|ju�¨v�*)�)x�m©j©¡�xlYaBfsg&nYfsgxwQ[ t [�¢,£j� t gilyr�fsg1hjWY Ikm|paq[ t [FfcgewQkxZ!nyfq[)zbaqhj 
rvhjkow
Wygmrvhjas±>dY[ t  I­m[)fckmnYnT I[ nygi|�� asrprjgmlY[)l<¨��.)3-/&m©¡ª 6�kmdBr�hj[I|jZ\aclY[)|pkmlBr�nygm|}±>dY[Ifc±>dY[Cr@|p[)Z§gi|
±>dY[Ir@rvdy|}fq[Cr t aq´µ )|p[)lxh
r
nTkmaclxh
r gm�Tkm| t  Ir t gmlyr wQ[)hFgi|jhjaswQfc[mª
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£¤f�[Cr�h.acZ\nTkm|jhpgil>h t [�rvkxdYfcaq�xlY[)|e±>dY[Sfsg wQkxlyr�hp|jdBw¡hjackml t d5wQ|paqhjX)|p[S¢�£j��|p Igmfqasrj )[§[)l�nygi|jhjac[��<g< )hj Skx�ohj[Il>dY[
t gmlyr}dYlSw)g t |j[�gxrvubZ\nohpkihjas±>dY[mª'�}l�nY|
g�hpac±>dY[x�xfq[Cr@hpgmaqfcfc[Ir t °  Iw
Wygil>hjacfqfckmlBr�rvkxlxh�rjkmdY­m[Ilxh}hp|jkxn\nT[Qhpaqhj[Ir�nTkxdY|�|j[Ilxhj|p[)|
t gmlyr,wQ[1w)g t |j[x�bwQ[1±>dYaµnT[)doh
nTk>rv[I| t aq´µ )|p[)lxh
r,nY|pkm�YfcX)Z\[IrIª��.° dYly[�nygm|vh,fc[Ir
ginYnY|pk¯zoaqZ§g�hpaqkxlyr}|p Igmfqasrj )[IrI�>w)kmZ\Z\[�fsg
Z\ QhpWYk t [ t [ �¾gmnYfsgmwQ[x��nT[IdY­m[)l>h�rv[
|p )­m )fc[)|'hp|jXCr�aqly[QzYgmw¡hp[IrIª'�e° gidYhj|p[
nygi|jhI�ikxl\wQkmlBr�h
g�hj[ ±>dY[
fsg�fckxaD �
�%�#	��%��rvdY|@fc[Ir
nygm|pgmZ!X)hj|p[Ir

P (θi|Mi)
l�° ginYnBgi|
g=(sh,nBgmr t gilBr
fq[&w)|jaqhjXI|j[§¨�&i©Qª���[Qhvhp[�gi�yrj[)lyw)[�[Irvh |
gmrprvdy|pgil>hj[m�bnYdYasrp±xd¾° [Ifqfc[&rjaq�xlYaÏ¬B[

±>d�° dYlY[�Z§gidY­igiasrv[�rvnT CwQaq¬Bw)gihjackml t [
P (θi|Mi)

l�° gidY|
gFgidywQdyl�nTkma t r'rvdy|�fsgFrj )fc[Iw¡hpaqkxl t [�Z\k t X)fc[IrIª�V�kmdohp[Q¥¦kxacrI��wQ[)hvhp[
gi�Brv[IlywQ[
lY[�rv[�~�dyrvhjaq¬y[�±>d�° gmrjubZ!nYhjkihpas±xdy[)Z\[)lxhC�mfqkx|prp±>dY[,f8° kxl!|j[IZ\nYfcgxwQ[

θ∗
nBgi|

θ̂
t gilBr�f8°  C±xdBg�hjackml�¨7�x©¡�>gidohp|j[IZ![Ilxh

t aqh�fqkx|prp±>dY[�f7° kml�nT[Idoh ¥:giac|j[1f7° W>ubnTkmhjWYXCrv[&±>dY[1f8° aqlo¥¦kx|jZ§gihjackml�gmnYnTkm|jhj I[�nygi|
P (θi|Mi)

[Cr�h�lY )�xfqac�m[Cgi�Yfc[1wQkmZ\nygm|j I[
®ef8° aclo¥¦kx|jZ§g�hpaqkxlSgmnYnTkm|jhj I[Fnygm|�f8°  Iw
Wygil>hjacfqfckml�ª���[)hvhp[�W>ubnTkihpWYXIrj[�l�° [Irvh
nygmr,w)kml>­m[Ilygi�yfq[�fqkx|prp±>dY[

n
[Irvh
nT[QhjaqhI�YrpgidY¥

rja
P (θi|Mi)

[Irvh rjdYnYnTkxrj )[�dYlYaq¥¦km|pZ\[m�YwQ[1±>dYaOl�° [Irvh
nBgmr�hjkxd�~�kmdy|pr,nTkxrprvac�Yfc[mª � l�|j[)hj|pkmdY­m[�aswQaOfcg t a"!�wQdYfqhj &nY|jkxnY|p[
®!f8° gmnYnYfcacwIg�hjackml t [�wQ|paÏhpX)|p[Ir
gxrvubZ\nohpkihjas±>dY[Ir ® t [Cr w)gxr wQkmlBwQ|p[QhprIª

��gifc�m|p <wQ[CrSwQkmlBrva t  )|
g�hpaqkxlyrI� t gmlyr�dYl½�m|
gil t lYkxZe�Y|j[ t [�wIgmr§f8° ginYnYfcasw)g�hpaqkxl t d�w)|jaqhjXI|j[ ¢,£j� ¥¦kxdY|plYaÏh t [Ir
|p IrjdYfÏh
g�h
r@hp|jXCr�rjgihjasr�¥:gmacrpgil>hprIª'V¾kxdoh t ° gm�Bkx| t �xaqfT[)zbasrvhj[ t [Cr�w)gxr}nTkxdY|�fq[Crj±>dY[Ifcr�kmlSrjkmdYWBgiaqhj[F[QzonYfqaswQaqhp[)Z\[)lxh t  Iw)|jac|j[
fsg�rvhj|pdyw¡hpdY|j[ t [
fsg�nTkmnYdyfcgihjackml. Qhpd t ac )[xª��¾g�rj )fc[IwQhjackml t [
Z\k t X)fc[Ir t gilyr�fc[
wIg t |p[ t d!Z\k t XIfq[ t [
Z\ )fsgilY�x[1¨ �y|pgmfq[Iu
gil t ��gi¥ hj[)|pu�¨��.)3)3->©v©'[Irvh�dYl§�Tkml§[Qzo[)Z\nYfc[�0�f8° km�o~�[Iw¡hpaq¥O[Irvh t [ hj|pkmdy­m[)|}fq[�lYkxZe�Y|j[ t [FwQkxZ!nTk>rjgmlxhp[Ir t d§Z! IfcgmlY�m[x�
±>dYa�rj[)|
g [)lBrvdYaqhj[�aql>hj[)|pnY|p Qhp <nTkmdy| t asr�hpaqlY�xdY[)|�gidoh
gil>h t [�rvkxdyr�²³nTkmnYdyfcgihjackmlyr t asr�hpaqlywQhj[Cr)ª���° [Cr�hSnTkmdy|p±>dYkxa fc[Ir
gidYhj[)dy|pr,¨8��[Ifq[Idozegil t _bkm|pkmZ\[)lYWyke¨v�*)�)m�x©Q����w)�¾gxwpWYfsgmlegil t {�[)[IfO¨7�m�m�m�>©v©�rI° gmw)w)km| t [)l>h�nTkmdY| t ac|j[,±>dY[
¢,£j� t kmlYlY[
t [�Z![Iaqfcfc[)dY|
re|j CrvdyfÏh
g�hpr.±>d�° «�£j� 0�«�£j�#[Ir�h!fqkx�mas±>dY[)Z\[)l>h t acrp±>dygifcaq¬y �nydYacrp±>d�° aqf,l�° [Irvh.nBgmr.wQkxlyrvasrvhpgil>hIª 6�kmhjkmlBr
hjkxdohj[)¥¦kmasr�±>dY[m�'fqkx|prp±>dY[\fq[�Z!k t X)fc[ t [§Z\ IfcgmlY�m[§[Irvh�dohpaqfcacrj �nTkmdY| t asr�hpaqly�mdY[)| t [Ir�rjkmdyrv²³nTkmnYdYfsg�hpaqkxlyr t asrvhjaclyw¡hp[IrI�
t ° gidohp|j[Cr�wQ|paqhjX)|p[Ir�nYfcdyr,nT[)|v¥¦kx|jZ§gmlxhpr�±>dY[�¢,£j� kml>h, Qhp �nY|pkmnTkxrj Ir}nTkxdY|�fsgerj )fc[IwQhjackml t d�lYkmZe�Y|p[ t [1wQkmZ\nTkxrpgil>hj[Cr
t gmlyr
dYl�Z\ )fsgilY�x[\¨7¢�ac[)|plygxwp¶ba ���  �� � ¨8�i�m�x�x©j©¡ª

{@gi|�giacfqfc[)dY|
rI�yfc[Ir�wQkmZ\nygm|pgmacrjkmlyr
[Ilxhp|j[.«�£j� [Qh�¢,£j� rvkxlxh��m )ly )|pgmfc[)Z\[)lxhF|p Igifcasrv I[Ir�gC­x[Iw&dYlY[.wQkxfqfc[IwQhjackml�¬ylYac[
t [1Z!k t X)fc[IrIª � giasr,aqfO[)zbasrvhj[ t [Ir rjaÏhpdyg�hpaqkxlyr,k���fq[1lYkmZe�y|j[ t [1Z!k t X)fc[Ir
®!wQkxlyrva t  I|j[I|,gmdY�mZ\[)l>hj[1g¯­m[IwFfc[�lykmZe�Y|p[
t [ t kmlYly )[IrIª � l�nT[Idoh�wQaqhj[I|Ffq[Cr�[Qzo[)Z\nYfc[Ir t [�fsg t  Qhp[Iw¡hpaqkxl t [e|jdYnYhjdY|p[Ir�kmd t [ef7° [IrvhjacZ§g�hpaqkxl t [e­b|pgmacrj[)Ze�YfsgmlywQ[
nygm|&WYasr�hpkm�x|pgmZ!Z\[xª\{�kmdY|ew)[Ir�rvaqhjdBg�hjackmlBr)��aqf�g� )hj §kx�yrv[I|j­m §±>dY[§fcg t acZ\[)lyrjaqkxl t [Ir&Z\k t XIfq[Cr&w
WYkxacrjacr�gC­m[Cw\«�£j�
[QzonYfckxrj[�gifckm|
re±>dY[�¢,£j� rv[)Ze�yfq[�ny|jkow
WY[ t [�f7° [ !�w)gxwQaqhj  ¨:�¾[)�ygm|j�Yac[)|�¨8�i�x�x�m©Q�Ä�,gmr�hp[)fcfcgil�¨��.)3)�)x©v©Qª ��gilyr!w)[Ir!w)gxr
nY|p Iw)acrI�>«F£j� [Irvh t kxlyw��yg�hjhjd�rvdY|,rjkml�nY|jkxnY|p[
hp[)|p|pgmaql��@�¾[Fnygi|
g t k¯zo[ l�° [Irvh�aswQaµ±>d�° gmnYnygi|p[)l>hIª���kx|prp±>dY[ fc[FlykmZe�Y|p[
t [.Z\k t XIfq[Cr�®�wQkxlyrva t  )|p[)|�gidY�xZ![Ilxhp[enYfcdyr�­>aqhj[!±>dY[.fsg§h
giacfqfc[ t [.f8°  CwpWBgilxhpaqfcfckml��O¢,aq|p�m .gil t � gxrjrpgi|jh.¨7�m�m�y�C©
kxlxh
t  IZ!kxlxhp|j e±>dY[erj[)dyfcr t [Ir�wQ|paÏhpX)|p[Ir�g¯uxgil>h�dYl<hp[)|pZ![e[)l

log(n)
nT[)dy­m[)lxh >)hj|p[�[ !�w)gxwQ[Cr)ª ¢,aq[Il ±>dY[�nTkxrprj  t gmlxh�dyl

hj[I|jZ\[&[)l
log(n)

nTkmdy| t ° gmdohj|p[Ir
|
giasrvkxlyrI�>fc[&w)|jaqhjXI|j[&¢,£j�½[Ir�hFgifckm|
r,nYfcdyr [ !�w)gxwQ[&±xd¾° «F£j��ª

� ��������� "

{'kxdY|�rvacZ\nYfqaq¬y[I|�f8°  CwQ|paÏhpdY|j[x�YlYkxdyr lykihjkxlyr
θ = θi

�
Mi = M

[Qh
P (θ|M) = P (θ)

ª,V�kmdyr�fq[Cr |p IrjdYfÏh
g�h
r t  )Z\kml>hj|p Ir
t gmlyrFw)[Qhvhp[enygm|vhpaq[�|p[I±>dYacX)|p[)l>hF±>dY[

P (θ) 6= 0
[)h�nYfcdyrFnygm|vhpacw)dYfqacX)|p[)Z\[)l>h�±>dY[

log (P (θ))
|p[Irvhj[��Tkx|jlY �nTkxdY|�hpkmdoh

θ
ª � l�rjdYnYnTk>rv[&gidBrjrja�±xdy[1fsg!­>|
giasrj[)Ze�Yfsgilyw)[�[)hFrv[Cr t  )|paq­m I[Ir
lY[ t  )�m IlYX)|p[)l>h
nBgmr
[Il

θ = θ̂
ª
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� l�rI° aclxhp )|p[Irprv[1®\fcg\w)kml>­m[I|j�x[)lyw)[�[)l�nY|pkm�ygm�Yaqfcaqhj  t [
Ln(θ)

ª@{�kxrjkmlyr 0

LGn(θ) =
1

n

n∑

k=1

log (gM (Xk, θ)) et Bn(θ) =
1

n
log (P (θ)).

¨��C�x©

«�fckm|
r
Ln(θ)

¨
3
©�rI°  IwQ|paqh

Ln(θ) = LGn(θ) + Bn(θ)
ªF_okmdyrFfcg�w)kml t aqhjackml ±>dY[

E[| log (gM (X1, θ))|] < ∞ �Bkxl gY�
nygm|�fsg�fqkxay¥:giac�Yfq[ t [Ir��m|
gil t r}lYkxZe�Y|p[IrI�xfcgew)kml>­m[I|j�x[)lyw)[ [)l�ny|jkx�ygi�YacfcaÏhp  t [

LGn(θ)
­m[)|
r

E[log (gM (X1, θ))]
ª@�F[

nYfcdyrI�
Bn(θ)

p.s−→ 0
ª���[&±>dYa¾wQkxlywQfcdohFrvdY| fsg\wQkxl>­m[I|j�x[)lyw)[�[)l�nY|jkx�ygi�yaqfcaqhj  t [

Ln(θ)
­m[)|
r

E[log (gM (X1, θ)]
ª

� � ���������

�� )Z\kml>hj|pkmlyr,fsg.nY|jkxnTkxrjaÏhpackml
2.1
ª@{�kmdY|
nyfqdyr t [&rjaqZ\nYfcaswQaqhj m�YlYkmdyr rvdYnynBk>rvkxlyr,±>dY[1fcge¥¦kxlyw¡hpaqkxl

L
[Irvh t  )¬ylYac[&rvdY|

R
Z§giasr�fc[\|p IrjdYfqhpg�h�rI°  )hj[)l t ¥:gmw)aqfc[)Z\[)l>h�® t [Cr�¥¦kmlywQhjackmlyr t [

R
d ª��}° a t  I[\nY|paqlyw)aqnBgifc[ t [I|j|paqXI|j[!fc[\|j CrvdYfqhpgih t [\fsgnY|pkmnTk>rvaqhjackml

2.1
[IrvhF±xdy[1f8° aclxhp )�m|
gifc[

∫

R

[ nL(u)du
¨v�m�C©

[Irvh�w)kmlyw)[)lxhp|p )[ gmdohjkxdY|�rvkxlLZ§g�zoacZedYZ ¨¦dYlyac±>dY[¯©<±>dygil t
n
[Cr�h��m|
gil t ª {'kxdY| kx�ohj[IlYaq| f8° km| t |p[ t [ f8° [I|j|p[)dY|

t ° ginYny|jk¯zoaqZ§g�hpaqkxl��xlYkmdBr�[)´T[Cw¡hjdykmlyr�hpkmdoh t ° gm�Tkm| t fc[ t  I­m[)fckmnYnT[)Z\[Ilxh t [�V'g¯ubfqkx| t [�fsg&¥¦kxlyw¡hpaqkxl
L(u)

gidYhjkmdy| t [
rjkml�Z\gizoaqZedYZ

L(u?)
0

L(u) = L(u?) + (u − u?)L′(u?) +
(u − u?)2

2
L′′(u?) + o((u − u?)3).

�}° aclxhj I�m|
gifc[\¨
11
© t [I­>ac[)l>h�0

∫

R

[ nL(u)du =
[ nL(u?)

∫

R

[ n(u−u?)2

2 L′′(u?) [ no((u−u?)3)du
¨v�C�m©

nYdYasrp±xdy[1nygm| W>ubnTkmhjWYXCrv[x�
L′(u?) = 0

ª 6�kxdyr�wpWY[I|pw
WYkxlyr ®.¥:giac|p[&ginYnygm|pg�(chp|j[�fc[Ir Z\kmZ\[)l>hpr t ° dYlY[�fqkxaO�>gidyrprvac[)lylY[mª
{'kxdY|�w)[)fsgY�olYkxdyr t  I­m[)fckmnYnTkxlyr,fc[�rv[Iw)kml t hj[I|jZ\[&[QzonTkmlY[Ilxhjac[)f¾rjkmdyr
f8° aclxhp )�m|
gifc[�[Il�dohpaqfcacrpgil>h

[ x = 1 + x +
x2

2
+ o(x3).

�}° aclxhj I�m|
gifc[ t gilBr
f8° [)zbny|j[Irprjaqkxl�¨
12
©,­igidoh

∫

R

[ n (u−u?)2

2 L′′(u?)du

+

∫

R

[
o(n(u − u?)3) + o(n2(u − u?)6) + o(n3(u − u?)9)

] [ n (u−u?)2

2 L′′(u?)du.

�}l�nTk>rjgmlxh

σ =
1

√

−nL′′(u?)

[Qh
v =

(u − u?)

σ
,

¨v�I�>©

lYkxdyr g¯­mkmlyr,nTkxdY|
i ≥ 0

�
∫

R

(u − u?)i [ n (u−u?)2

2 L′′(u?)du =
√

2πσσi 1√
2π

∫

R

vi [ − v2

2 dv.
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� l |j[CwQkmlylyg=(sh\fq[<Z!kxZ\[)lxh t ° km| t |p[
i
t ° dYly[�­igi|pacgm�Yfc[�gifc Igihjkxaq|p[

V
t [<fqkxa �xgidBrjrjaq[IlYlY[�wQ[Ilxhj|p )[�|p  t dYaqhp[<®�dylY[

wQkxlyrvhpgil>hj[1nY|pXIrIª@��[Cr
Z\kmZ\[)l>hpr t ° kx| t |j[�acZ\nygiac|  Qh
gil>h lbdYfsr)�YlYkxdyr
km�Yhj[)lykmlyr
∫

R

[ nL(u)du =
[ nL(u?)

√
2πσ

[

E[V 0] +

∫

R

o

(
v6n2

σ6

) [ − v2

2 dv

]

.

�.° gmnY|jXCr,fsg t  Q¬BlYaÏhpaqkxl t [
σ
¨
13
©Q�Yfc[�hj[I|jZ\[ t ° [)|p|p[)dY|
[Irvh t ° kx| t |p[�[)l

1/n
[Qh�aqf�[Irvh
¥:gxwQacfq[ t [&­mkmac| ±>dY[1fc[Ir,hp[)|pZ\[Ir

t ° [)|p|j[IdY|
r,rjdYnT I|jac[)dY|
r
rjkml>h t ° km| t |j[�aclo¥¦ I|jac[)dY|�kmd� )�>gif�®
1/n

ª}�}° aql>hj I�m|
gifc[\¨
11
© t [)­bac[)l>h

∫

R

[ nL(u)du =
[ nL(u?)

√

− 2π

nL′′(u?)

[
1 + o(n−1)

]
.

¨v�)]b©

��[&±>dYa¾w)kmlywQfcdoh�fcg!ny|j[IdY­m[ t [1fsg!nY|pkmnTk>rvaqhjackml
2.1
ª

��[&|j CrvdYfqhpgih
[Cr�h�km�ohp[)l>d�nTkmdY| dYlY[1¥¦kmlywQhjackml
L
±>dYa�lY[ t  InT[)l t nygmr t [

n
ª�_oa�w)[1l�° [Irvh nygxr
fq[�w)gmrI�ofq[&|j IrjdYfqhpgih

l�° [Irvh!nYfcdyr!rja, )­ba t [)lxhCª �}l [Q´µ[QhI��[)l5[Q´µ[IwQhjdygmlxh!dyl t  )­m[IfqkxnYnT[)Z\[)l>h t [�V'gCubfckm| t [
L(u)

gidYhjkmdy| t [
L(u?)

®
f8° kx| t |p[

4
�Ykml�km�Yhjac[)lxh�f8° [QzonY|j[Crjrjackml�[QzonYfcacw)aÏhp[ t d�hp[)|pZ![ t ° [I|j|p[)dY| [)l O(n−1)

¨ t gilyr�¨
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©v© ±>dYaO[Cr�h�0

1

n

[
5

24

L′′′(u?)2

L′′(u?)3
− 1

8

L′′′′(u?)

L′′(u?)2

]

+ o(n−2).

«�aclyrja�nTkxdY|�±>dY[ef7°  )�>gifcaÏhp S¨��I]>© |j[Cr�hp[�­�gifsgi�yfq[x�yacf¾¥:gidYh�±>dY[efq[Cr t [)doz wQkb[ !�w)aq[IlxhprFnY|p Iw)  t gil>h
1/n

|p[Irvhj[)l>hF�Tkx|jly Ir
[)l

n
¨v¨:V
ac[)|plY[Iu gil t %&g t gilY[��*)3-x�x©j©¡ª&£¤f@rv[I|pg t kmlBwelY CwQ[Irprpgiac|j[ t [\nTkxrj[)| t [Ir1w)kml t aqhjackmlBr t [!|p )�xdYfsgi|paÏhp .rvdY|1fsg

¥¦kmlBw¡hjackml
L
±xdya�gxrjrjdY|p[)lxh fq[Cr w)kml t aqhjackmlBr
nY|j CwQ  t [)lxhp[IrIª

£�w)a}lYkmdyr�wpWy[)|pw
WYkxlyr&®�ginYnYfcas±xdy[)|&fsg�nY|pkmnTkxrjaqhjackml ®�fsg�¥¦kmlywQhjackml
Ln

¨
3
©1±>dYa t  InT[)l t�t [

n
ª@6Fkmdyr&nTkmdY­mkxlyr

rjdYnYnTkxrj[)|�±>dY[�fsg�wQkxl>­m[I|j�x[)lyw)[ t [Cr ¥¦kxlyw¡hpaqkxlyr t ° aclxhp )|8>QhprF­m[I|pr t [Ir�±>dygmlxhjaqhj Cr�nTk>rjrj  t gilxh t [Cr��TkxlYlY[IrFnY|jkxnY|paq )hj Ir
rjd�!\hIª@��gilyr�lYkihp|j[FwIgmrI�xkml t asrvnTk>rv[ t [Ffsg�wQkxl>­m[)|p�m[IlywQ[ [)l�nY|jkx�ygi�yaqfcaÏhp  t [

Ln
­m[)|
r}dYlY[�±>dygil>hjaqhj �±>dYaBlY[ t  )nT[Il t

nygxr t [
n
¨:w¡¥'«�lYlY[)zo[�«�©Qª��@h
nBgi|�fc[�Z9>)Z\[�|
giasrvkxlYlY[)Z\[)l>hI�>kmlSkm�ohpaq[Ilxh�¥:gxwQacfq[IZ![Ilxh
fcg.wQkmlb­m[)|p�m[IlywQ[ t [Ir t  )|paq­m I[Ir

t [&fcg.¥¦kxlyw¡hpaqkxl
Ln
ª

� � ���������

�}° km�o~�[IwQhjaq¥�[Irvh aswQa t [ t kmlYly[)| f8° kx| t |p[ t [Ir [)|p|p[)dY|
r t ° gmnYnY|pkCzoacZ\gihjackml t [
θ? nygm| θ̂

[Qh t [
Aθ?

nygi|
Iθ̂

ª

� ��º � � � ��¸��
�7� �o¹��:¸
� � �
θ? � ���

θ̂

� l�w
WY[)|
wpWY[&®!Z\kxlxhj|p[)|�±>dY[
√

n(θ? − θ̂) = OP (1).
� l t  Iw)kmZ\nTkxrj[1w)[�hj[I|jZ\[&[)l�fsg\rjkmZ\Z\[ t [ t [)dozShp[)|pZ![Cr

√
n(θ̂ − θ0) +

√
n(θ0 − θ?),

k��
θ0
[Irvh1f8° dylYac±>dY[\Z§g�zoacZedYZ t [

E[log (gM (X1, θ))]
¨:f7° dYlYaswQaqhj §[Qzoacrvhj[\rjkmdBr�fsg�wQkml t aÏhpackml t ° a t [Ilxhjaq¬Bgm�Yaqfcaqhj  t d

Z\k t XIfq[¯©¡ª@£¤f¾rvd�!\hFgmfqkx|pr t [&Z\kmlxhp|j[I| ±>dY[�wQ[Ir t [)dozShp[)|pZ\[Ir rjkml>h �Tkm|plY Ir
[)l�nY|jkx�ygi�yaqfcaÏhp mª
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£¤f,[Irvh.�Yac[)l wQkmlYlbd5±>dY[�rjkmdyr t [Ir!wQkml t aÏhpackmlyr t [�|j I�mdYfsgi|paÏhp m�'f8° [Cr�hpaqZ§gihj[)dY| t d�Z§g�zoacZedYZ t [S­b|
giasrv[IZe�Yfsgilyw)[
θ̂rpg�hjasrv¥:giaqh √

n(θ̂ − θ0)
L,n→∞−→ N (0, I−1

θ0
)
ª���[�±>dYa¾gmrprvdY|p[1±>dY[

√
n(θ̂ − θ0) = OP (1).

{'kxdY|!fc[�rj[IwQkxl t hp[)|pZ![x�}fq[�|p IrjdYfqhpgih.[Cr�h\gxrjrjdY|p �nBgi|.fsg�wQkxl>­m[)|p�m[IlywQ[S[)l5nY|pkm�ygm�Yacfqaqhj  t [
L′

n(θ)
­m[)|
refsg�Z<>IZ\[

±>dygil>hjaqhj 1±>dY[
LG′

n(θ)
±>dYaµ[Irvh

E
[

∂ log (gM (X1,θ))
∂θ

] ¨ t  )Z\kmlyrvhj|
g�hpackmlSrjaqZ\acfcgmaq|p[�®.wQ[Ifqfc[�nY|p Irj[)l>hj )[�[Il�«�lYly[Qzo[�«�©¡ª
{}dYasrp±xdy[!fq[Cr�Wbu>nTkmhjWYXCrv[Cr�rvdy|1wQ[)hvhj[!fcacZ\aÏhp[!kml>h t  �~v®� Qhj !nTk>rv I[Ir�nTkmdY|�kx�ohj[IlYaq|1fq[!|p IrjdYfÏh
g�h1rjdY|

θ̂
�Okml�kx�ohjac[)l>h1fsg

wQkxl>­m[I|j�x[)lywQ[�[)l�ny|jkx�ygi�YacfcaÏhp  t [
θ? ­m[I|pr θ0

¨7w¡¥���[IZ\Z![
5.10

t gilBr�¨��}gml5��[)|��}gmgm|vh��*)3)�-x©v©1[)h.fsg lYkm|pZ§gifcaqhj 
gmrjubZ\nohjkmhjas±>dY[\¨7w¡¥@V
WY Ikm|pX)Z\[

5.21
t gmlyr&¨���gil<�F[I|��}gxgi|jh1�*)�)3->©v©¡ª

� � º � � � ��¸��
�7� �o¹��:¸
� � �
Aθ?

� ���
Iθ̂

«¾­igilxh t [�wQkxZ!Z\[IlywQ[I|�fsg t  IZ!kxlyrvhj|
g�hjackml¾�
lYkmdyr t  )Z\kml>hj|pkmlyrS±>dY[ √
n(Aθ − Iθ)

[Irvh��Bkx|jly <[Il½nY|pkm�ygm�Yacfqaqhj xª
�.° gmnY|jXCr
fq[Cr t  )¬ylYaqhjackmlyr t [

Aθ
¨
4
©¡�

LGn(θ)
[)h

Bn(θ)
¨
10
©¡�ykml� Iw)|jaqh�±>dY[

Aθ − Iθ = LG′′
n(θ) − Iθ +

1

n
[log (P (θ))]′′,

k�� fsg t  )|pac­m )[5rvac�mlYaq¬y[ t  I|jac­m )[�nygi|�|
ginYnTkx|vh�®
θ
ª �}l�lykihpgmlxh ±xdy[

E[LG′′
n(θ)] = Iθ

�.rjkmdyr fcg�w)kml t aÏhpaqkxl
±>dY[

E

(

‖
[

∂2 log (gM (X1,θ))
∂θj∂θl

]

j,l
‖2

)

< ∞ �
nygm|§fc[�hjWy )km|pX)Z\[ wQ[)l>hj|
gif�fcaqZ\aqhj[x�
kml½g�fcg w)kml>­x[)|p�m[)lyw)[�[)l½fqkxa t [
√

n (LG′′
n(θ) − Iθ)

�ywQ[&±>dYa�acZ\nYfcac±>dY[�±>dY[

LG′′
n(θ) − Iθ = OP (n−1/2).

��kmZ\Z\[ 1√
n
[log (P (θ))]′′

wQkxl>­m[)|p�m[�nY|p[Irp±xdy[1r��Y|j[IZ\[)lxh�­m[)|
r
0
�Ykml�kx�ohjac[)l>hF±xdy[

√
n (Aθ − Iθ) = OP (1) ∀θ.

¨��¯�m©

��[�rv[CwQkml t |p IrjdYfqhpg�h�±>dYa�­�g!lYkxdyr rj[)|p­>ac|
[IrvhFwQ[)fcdYa t  )Z\kxlxhj|p  t gmlyr
fsg!nygi|jhjac[1nY|p IwQ  t [)l>hj[&±>dYa�[IrvhF±xdy[

θ? = θ̂ + OP (n−1/2).
¨v�I�x©

�}l�[Q´µ[IwQhjdygmlxh dYl t  )­m[)fckmnynB[IZ\[)lxh t [1V'gCubfckm| t [
Aθ?

gmdohjkxdY| t [
Aθ̂

®.f7° km| t |p[
2
�onYdYasrj±>dY[

θ? [Qh θ̂
rvkxlxh
nY|pkow
WY[Ir

±>dygil t
n
[Cr�h��m|
gil t �bkxl�nT[Idoh� CwQ|jac|p[1±>dY[

√
n(Aθ? − Iθ̂) =

√
n(Aθ̂ − Iθ̂) +

√
n(θ? − θ̂)A′

θ̂
+ o(

√
n(θ? − θ̂)2).

� l�|j[IZ§gi|
±xdy[\±>dY[
A′

θ̂
= L′′′

n (θ̂)
[Qhekml�|pgmnYnT[)fcfc[§±>dY[§fsg<wQkxl t aÏhpackml ±>dY[�wQ[)hvhp[�±>dygmlxhpaÏhp �rjkmaqh��Tkm|plY )[§[)l

n
[Irvh

t [IZ\gml t  )[&nTkmdY| kx�ohj[IlYaq|�f7° km| t |p[�[)l
1/n

t gmlyr
f8° gmnYnY|jk¯zoacZ\gihjackml t [&��ginYfsgmw)[mª@��[&|j CrvdYfqhpgih�¨
15
©
|j[Cr�hp[1­>|
giaOnTkmdY|

θ = θ̂
ª�£¤f�[Il ­>ac[)l>h�±>dY[efq[enY|p[)Z\ac[)|�hp[)|pZ\[�[Cr�h t [.f7° km| t |p[ t [ OP (1)

ª�{@gi|!¨
16
©¡�µkml gS±>dY[�fc[.rj[IwQkxl t hj[I|jZ\[e[Irvh

t [&f7° km| t |p[ t [ OP (1)
[QhF±>dY[1fc[ t [)|plYaq[I|&¨:[)l

oP (n1/2)
©,[Cr�h�lY )�xfqac�m[Cgi�Yfc[mª � l�km�ohpaq[IlxhFgifckm|
r
±xdy[

√
n(Aθ? − Iθ̂) = OP (1).
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