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recherche français ou étrangers, des laboratoires
publics ou privés.

https://hal.archives-ouvertes.fr
https://hal.inria.fr/inria-00070685


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
53

15
--

F
R appor t  

de  r ech er ch e 

THÈME 4

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Le critère BIC : fondements théoriques et
interprétation

Emilie Lebarbier, Tristan Mary-Huard

N° 5315

Septembre 2004





Unité de recherche INRIA Futurs
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

���������
	����������� ��������������� �!	�"#	�$�% �&�'�)(!*�� "+�,	-�)�.	���'/���%,	�01	��)���

2�3547684:9<; 9>=@?BAC=�479>A>D�EFAC47GIH�?BJLKL?BAIMONQPSR@?TACU
∗

VWYX)Z\[&].^`_bacZedYfcgihjackml�[)h�kmnohpaqZ\asrjgihjackml
t [�rjubrvhjXIZ\[Ir wQkxZ!nyfq[)zb[Cr

{}|pki~�[Qh�_b������,V

��ginYnTkx|vh t [&|j[CwpWY[I|pw
WY[�lT���m�Y�C��^`_b[)nYhj[)Ze�Y|p[e�i�x�i]�^��I�!nygi�x[Ir

�S�b�C������� ��gilyr�wQ[Qh�gi|jhjaswQfc[m��lYkmdBrSnY|jkxnTkxrjkmlyr�dYlY[ t acrpwQdyrprjaqkxl�rvdY|�fc[�w)|jaqhjXI|j[ t [�rj )fc[Iw¡hpackml t [�Z\k t XIfq[Cr
¢gCum[Crvasgil�£¤lo¥¦kx|jZ§gihjackml���|jaqhj[I|jackml�¨7¢,£j�©¡ªo«�¬yl t [1w)kmZ\nY|p[)l t |p[�rjkml�w)kmZ\nTkm|jhj[IZ![IlxhC�>lYkmdBr t  CwQ|paqmkxlyr�fc[Ir, Qh
ginT[Ir
t [�rjgewQkxlyrvhj|pdyw¡hpaqkxl§[Qh,fc[Ir�W>ubnTkihpWYXIrj[Ir�lY CwQ[Irprjgmaq|p[Ir�®ervkxlSginYnYfcasw)g�hpaqkxl§[Il t  )hpgiacfcfcgmlxh�fc[Ir,ginYny|jk¯zoaqZ§g�hpaqkxlyr t kmlxh,acf
t  CwQkmdYfc[mªT�}l�r)° ginynYdYuxgil>h�rvdY|�fsg�lYkmhjackml t [.±>dygxrvaq²³>|
gia�Z\k t XIfq[x�BlYkxdyrF|p[)nY|p Iw)acrjkmlyr�fcg�nY|pkmny|jac Qhp  t [.w)kmlyrjasr�h
gilyw)[
nTkmdy| fsg t acZ\[)lyrjackml t  Q¬ylyaq[�nTkmdY|F¢�£j��ªY��lo¬yl��BlYkmdyr Z\[Qhjhjkxlyr [)l� Iba t [IlywQ[&fc[Ir t aq´µ )|p[)lywQ[Cr [)lxhp|p[1fc[�wQ|paqhjX)|p[&¢,£j�
[Qh�fc[&w)|jaqhjXI|j[&«�£j� t ° «F¶�gmaq¶m[1[)l<wQkxZ!nBgi|
gilxhfc[)dY|
rnY|pkmnY|pac Qhj Cr)ª

·�¸B¹I�)ºp»x¼:�b���½��|paqhjX)|p[ t [erv Ifq[Cw¡hjackxl t [�Z!k t X)fc[IrI�T��|jaqhjXI|j[1�BgCum Crvac[)l��y«FnYnY|pkCzoacZ\gihjackml t [e�¾ginyfcgxwQ[m�T��kmlyrjasr�h
gilyw)[
nTkmdy|fsg t acZ\[)lyrjackml

∗ ¿�ÀbÁ�Â
ÃÄÂ
ÅxÂ&ÆFÇ¯Â¡ÃÄÈ>À>ÇmÉ¾Ê ËmÌpÈxÀ>ÈxÍ\ÃÏÎbÅ>Ð.Ñ¾ÇiÌ¡ÃqÁ¤Ò³Ó�Ì¡ÃÏËxÀ>ÈxÀBÔxÕ'Ö�×�Ø
Ù:Ú7Û�Ü Û�Ý)Ú,Þ�ß1à¦áYÔ>áYØ
Ù7âäãvÔbå�Ù7Ø
Ý¯æ�ÛQç�èyÜ âäéäâäÛ¡ç êbÛ�ë�Ø
Ù:ë¯âäÛ�Ù8ì'âäÝ�Ø
×¯í¯ç îqÙvçï Ù7âäã:Ú³Ø
Ýxç ß&Ø
Ù:ðIñIò�Ø
Ù:óiì'âäÝ�Ø
×¯í¯ç îcÙ



���¾� �����
	'��'�)��� ��	'$�� �&� � 0���� �Q�.	���'/����,	�0&	��Q���

��� �I¹����Y»i¹x�B£¤l.hjWYasr@gi|jhjaswQfc[
	,[,nY|pkmnTk>rv[,g t asrjw)dyrjrjackmlekxlehjWY[�yg¯um[IrjasgileZ\k t [)fYrv[Ifq[Cw¡hpaqkxl.w)|jaqhj[I|jackml.¢,£j�½¨:¢g¯um[Irjacgml
£¤lo¥¦kx|jZ§g�hpaqkxl ��|paÏhp[)|paqkxlB©¡ª�£¤l�kx| t [)|hjk�dYl t [)|
rvhpgil t aqh
r �T[IWygCbackm|C��	�[ t [IrpwQ|paq�T[1hjWy[�rvhj[Inyr km¥�aÏh
rFwQkmlBr�hp|jdywQhjackml�gxr
	�[Ifqfygxr'hpWY[ Wbu>nTkmhjWY[Crv[Cr�|p[I±>dYac|j[ t ¥¦kx|@aqhpr�ginYnYfcasw)g�hpaqkxl\gil t hjWY[FginYnY|pk¯zoaqZ§g�hpaqkxlyr'lY[)[ t [ t ª@��ubaclY�1kml!hjWY[�lYkihpackml!km¥
±>dygmrjaq²7hp|jdY[�Z!k t [)f8��	,[�nY|p[Iw)acrj[}hjWY[� t acZ![Ilyrjaqkxlo²³w)kmlyrjasr�hp[)lywQu�'nY|pkmnT[I|vh�u�ki¥y¢,£j��ª��'aqlygmfcfqu�	�[,rvWyk�	�hjWY[ t aÏ´µ[)|p[)lBwQ[Ir
�T[Qh�	�[I[)l<¢�£j��gml t «�£j��>asg.hjWy[&w)kmZ\nygm|jasrvkxlSki¥�hpWY[)ac|�|j[CrvnT[Cw¡hjacm[1nY|jkxnT[)|jhjac[IrIª

�����µº��.¸����'�x� �<k t [)f5rj[)fc[Iw¡hpaqkxl wQ|paÏhp[)|packml�� ¢gCum[Crvasgil�w)|jaqhj[I|jackml�����ginYfsgmw)[ gmnYnY|pkCzoacZ§g�hjackml¾� �FacZ\[)lyrjackmlo²
wQkxlyrjacrvhj[IlywQu



���������
	�����
������������������������������! "���#	"� �

$ �T�.	��'�§��*���	��Q���

�¾g!rj )fc[Iw¡hpaqkxl t [1Z!k t X)fc[Ir,[IrvhdYl�nY|pkm�YfcX)Z\[��Yaq[Il�wQkxlYl>d�[Il�r�h
g�hpacrvhjas±>dY[mª@�¾km|
rj±>dY[�fq[1Z\k t X)fc[�[Irvh,¬Yzo m�ofsg�hpWY )kx|jac[
t [�f7° aclo¥¦km|pZ\gihjackml�¥¦kmdY|plYaqh�dYl w)g t |j[1|pac�mkmdy|j[Idoz�nTkxdY|�f7°  )fsgi�Tkx|pgihjackml t ° [IrvhjacZ§g�hj[IdY|
rnT[I|v¥¦kx|jZ§gil>hprIª � giasr t gilBr dYl
�m|
gil t lYkxZe�Y|p[ t [,rvaqhpdyg�hpaqkxlyr)��fc[Ir'wQkxlYlygmacrprjgmlywQ[Cr� ���%�#	"�%�¾rjdY|'fq[Cr t kmlylY )[Ir�ly[�nT[)|pZ\[Qhjhj[)l>h�nygmr t [ t  Qhp[)|pZ\aqlY[I|'dYl
dYlYas±>dY[,Z\k t X)fc[ t gilyr'fq[C±xdy[)forv[,nYfsgmwQ[I|'nTkmdY|'|p Igmfqasrv[I|�f7° aclo¥¦ )|p[)lyw)[mª@��° [Irvh'nTkxdY|
±xdykma t [)nYdYasr'fsg�¬yl t [Cr'gmlYlY I[Ir'&i��fc[Ir
Z\ QhpWYk t [Ir,nTkmdY|,fsg.rv Ifq[Cw¡hpaqkxl t [�Z\k t XIfq[Cr,®�nBgi|jhjac| t [Cr t kxlYlY )[Cr�kml>h, )hj  t  )m[IfqkxnYnT )[IrIª��¾[Ir�[)zb[IZ\nYfq[Cr,wQfsgmrprjac±>dY[Cr
t ° ginYnyfqasw)gihjackml t [1w)[Ir,Z\ QhpWYk t [Crrjkmlxhfsg!rj )fc[Iw¡hpaqkxl t [��gm|jasgm�Yfq[Cr)�>kmd�fc[1w
WYkmaqz t d�lYkxZe�Y|j[ t [&wQkxZ!nTk>rjgmlxhj[Cr t ° dYl
Z\ )fsgilY�x[ t [1fckmasr)� t ° dYl�kx| t |p[ t ° gidohpki²³|j I�m|j[Irprvackml��>kxd t [&f7° km| t |p[ t ° dYly[�wpWyg�(sly[ t [ � gi|p¶mk¯µª

��° dylY[ t [Cr�|p )nTkxlyrv[Cr�ginYnTkm|jhp )[Ir�nygm|�fc[Ir<r�h
g�hjasrvhjaswQac[)lyr�gmd nY|jkx�YfcX)Z\[ t [�fcg rj )fc[IwQhjackml t [ Z\k t XIfq[Cr�[Irvh�fsg
Z\aqlyaqZ\asrjgihjackml t ° dYl w)|jaqhjXI|j[\nT )lygmfqasrj mª���[Ir&nY|p[)Z\aq[I|pr&wQ|paqhjX)|p[Ir&ginYnBgi|
giasrjrjgil>h t gilyr&fcg�fqaqhvhp )|
g�hjdy|j[§rjkmlxh�f7° «�¶igiac¶m[
£¤lo¥¦kx|jZ§g�hpaqkxl���|jaqhj[I|jackml ¨:«F£j���¾«F¶�gmaq¶m[<¨v�*)+&��x©j©¡�¾fq[�¢g¯um[Irjacgml�£¤lo¥¦km|pZ§g�hpaqkxl ��|paqhj[)|packml ¨7¢,£j����_ow
W�	,gm|�,<¨v�*)+&�-x©j©¡�
fc[ �<aqlyaqZedYZ ��[IrpwQ|jacnohpaqkxl �¾[)lY�ihpW5¨ � ���}�µ��acrprjgmlY[)l�¨v�*)+&�-x©j©[Qh�fc[

Cp
t [ ��gifcfqk�	�re¨ � gmfqfck�	�re¨��.)/&�]>©v©Qª {�gm|jZ\a

wQ[Cr w)|jaqhjXI|j[Cr)�Y«�£j��[QhF¢,£j�½kml>h  )hj &fcgm|j�x[)Z\[)l>h t aq´µdyrv Cr [QhFgmnYnYfcac±>dY Cr)ª}�e° dYl<nTkmaclxh t [&bdY[�hpWY )kx|jas±>dY[m�o�T[IgmdywQkxdYn
t [ hp|pg¯�gmdoz kmlxh� Qhj �|j Cgifcacrj IrSwQkmlBwQ[)|plygmlxhSfq[IdY|
r�nY|pkmny|jac Qhp IrSr�h
g�hjasrvhjas±>dY[IrS[Qh�fq[IdY|�g t gmnohpgihjackml�® t [IrSZ\k t XIfq[Cr
rjnT IwQaq¬B±>dY[IrIª���l\nygm|vhpaswQdYfcaq[I|I�mnYfqdBrvac[)dY|
r�x[)|
rvackmlyr@wQkm|p|paq�x )[Ir t d§w)|jaqhjXI|j[ «F£j� kxlxh} )hj  nY|pkmnTk>rv I[Ir10'«F£j� � ¨#2�dy|jbaswpW
gil t V'rjgmaµ¨��.)3-3)>©v©O[)h@w¡²¤«�£j� ¨8_bdY�xaqdY|
g.¨��.)/&�->©v©�nBkxdY| t [,nT[Qhpaqhj[Ir'hpgmaqfcfq[Cr t °  Iw
Wygil>hjacfcfqkxlyr�nygm|'|pgmnYnTkm|jh'gidelykmZe�Y|p[ t [
nygm|pgmZ!X)hj|p[Ir�®e[Cr�hpaqZ\[)| �o«�£j�,� ¨:� kxlywpWy[Qhvhpa@¨��.)3->�m©v©@nTkxdY|,dYlY[�|p )�x|j[Crjrjaqkml�g¯m[Iw�[I|j|p[)dy|pr�lYkmlo²³�xgmdyrprvac[)lYlY[Cr���4�«F£j�
¨:¢,dY|plYWygmZ gil t «Fl t [)|
rjkml�¨8�i�x�x�m©j©§[Qh�wQ²54�«F£j��¨7_bWya&gil t V'rjgma!¨v�*)�)3->©v©§nTkmdY| t [Ir t kmlYly )[Ir�rjdY|j² t asrvnT[I|prj )[Cr)ª
£¤f�[Qzoasr�hp[½giaclyrja§dYlY[½fcaÏhjhj )|
g�hpdY|p[ hp|jXCr ¥¦kmdY|plYac[½rvdy| fcg rj )fc[IwQhjackml t [½Z!k t X)fc[Ir�nygm| w)|jaqhpX)|j[ nT )lygmfqasrj m��±>dYaSrv[
t  Im[)fckmnYnT[�[IlywQkx|j[�gmw¡hpdY[)fcfc[)Z\[)l>h gCm[Cw�f8° ginYnygm|jaqhjackxl t ° kxdohjacfsrrvkxnYWYasr�hpac±>dY Cr t [�nY|jkx�ygi�yaqfcaÏhp m�owQkmZ\Z\[�nygi|,[Qzo[IZ!nyfq[
fc[Ir¾aclY )�>gifcaÏhp Ir t [,wQkmlBwQ[)l>hj|
g�hpaqkxl1[)h t [ t  I>asg�hpackml��¯nT[)|pZ\[Qhvh
gil>h'®�fsg ¥¦kmasr¾fcgFw)kmlyrvhj|pdywQhjackml t [,wQ|paÏhpX)|p[Ir�[)h�fc[)dy|� Qhpd t [mª

6Fkmdyr�lYkmdBr¾aclxhj I|j[Crjrjkmlyr¾acw)abgidew)|jaqhjXI|j[�¢,£j��±>dYabrj[�nYfsgxwQ[ t gmlyr¾dYl.wQkxlxhp[Qzbhj[��ygCum Crvac[)l t [,rv Ifq[Cw¡hpaqkxl t [�Z\k t XIfq[Cr)ª
¢,aq[Il ±>dY[.w)kmdY|
giZ\Z\[)lxh�dohjacfqasrj enygi|�fq[CrFrvhpgihjasr�hpaswQac[)lyrF[Qh�fsgi|p�m[IZ\[)lxh t  CwQ|paÏhC�Tw)[)|jhpgiaclyr�nTkxaql>hpr t [.rpg�wQkxlyr�hp|jdBw¡hjackml
[Qh t [§rvkxl�aclxhj[I|jny|j )hpg�hpaqkxl�rjkmlxh1|p )�xdYfqacX)|p[)Z\[Ilxh�kmZ\asr t gilBr�fq[Cr t  )Z\kxlyr�hp|pgihjackmlyr�nY|pkmnTk>rv I[Ir t gmlyr�fsg�fqaqhvhp )|
g�hjdy|j[xª
£¤f�[Cr�he�yaq[Il�wQkxlYl>d�±>dY[�fq[Sw)|jaqhjXI|j[�¢,£j��[IrvhedYlY[SgmnYnY|pkCzoacZ§g�hjackml t d5w)gifswQdyf t [�fcg<b|pgmacrj[)Ze�yfcgmlywQ[ t [Cr t kmlylY )[Ir
wQkxl t aqhjackmlYly[)fcfq[IZ![Ilxh@gmdeZ\k t XIfq[�¬Yzo mª}��[)nT[)l t gil>h�fq[Cr'|j CrvdYfqhpgihpr¾hpWY )kx|jas±>dY[Ir�dYhjacfqasrj Ir�rjkmlxh@rjkmdYm[Ilxh�nT[)d.[QzonYfcaswQaqhj IrI�
hjkxdoh!wQkxZ!Z\[�fc[IreW>ubnTkihpWYXIrj[Ir�lY CwQ[Irprpgiac|j[Cr&®<fc[)dY|
reginYnyfqasw)gihjackmlyrIª�{@gi|.gmaqfcfc[)dY|
r)�'f8° aclxhp[)|pnY|j )hpgihjackml t [S¢,£j��[Qh.fsg
lYkmhjackml t [ QwQkxlyrjacrvhpgmlywQ[�nTkmdY| fsg t acZ![Ilyrjaqkxl �lY[&rjkml>h nygxr,hjkmdi~¤kxdY|
r�hp|pXIr wQfsgiac|p[Ir,nTkxdY| fq[Crdohpaqfcasrjgihj[)dy|prIª
�}° km�o~�[IwQhjaq¥ t [§w)[\nygmnYaq[I|&[Irvh t ° [QzonYfcaswQaqhj[)|ewQ[Ir t aÏ´µ )|p[)l>hpr&nTkxaql>hprIª§��gilyr&dYl�nY|j[IZ\aq[I|�hp[)Z\nyrI�¾lykmdyr t  IZ\kmlxhp|jkxlyr
f8° [Ilyrv[IZe�Yfc[ t [Ir§ginYny|jk¯zoaqZ§gihjackmlyr!gmrjubZ\nohjkmhjas±xdy[Ir\rvdy|\fc[Irp±xdy[)fcfq[Cr!|j[InTkxrj[�fsg wQkxlyrvhj|pdyw¡hpaqkxl t d w)|jaqhjXI|j[�¢,£j���@[)l
nY|p Iw)acrpgil>hFfc[Ir�W>ubnTkihpWYXIrj[IrF[)h�fq[.|87mfc[ t [Cr t asrvhj|paq�YdYhjackmlyr9 ��:�%�#	��%�¾nTk>rv Cr�rvdY|�fq[CrFZ\k t XIfq[CrF[Qh�fc[Ir�nygi|
giZ\XQhp|j[Cr t [Ir
Z\k t XIfq[Cr ¨¦{@gi|jhjac[

2
©¡ª���gilBr@dYl t [)dozoacX)Z\[hp[)Z\nyr)�xlYkxdyr t kmlYlYkxlyr�dYly[ aclxhj[I|jny|j Qh
g�hpaqkxl t [Ir@lYkmhjackmlyr t [ nY|pkm�ygm�Yaqfcaqhj 

 ;�:�%�#	��%�[)h< ;��	=�%�!���%�#	��
�sª1��[)fsg§nT[)|pZ![)hvhp|pg t [�nY|p Iw)acrj[)|�f8° km�o~�[Iw¡hpaÏ¥ t d�wQ|paÏhpX)|p[�¢,£j� ±>dYa�[IrvhFfckmacl t ° >Qhj|p[�[QzonYfcaswQaqhj[
gid�|p[)�>gi| t�t [&rjg t  )¬ylYaqhjackml��Y[Qh t [ t asrjw)dohj[I| t [1f8° Wbu>nTkmhjWYXCrv[1±>dY[1fq[@?e>|
giaBASZ!k t X)fc[1ginynygi|jhjac[)lYlY[1gidYz�Z\k t XIfq[Cr
[)l�wQkxZ\nT Qhjaqhjackml¾�W>ubnTkihpWYXIrj[<�x )lY I|pgmfq[IZ![Ilxh�nTkxrj )[<nygm|�fq[Cr�gmdohj[IdY|pr�¨¦{�gm|vhpac[

3
©¡ª �}lo¬yl���lYkmdyr�nY|p Irj[)lxhpkmlyr§[)h

wQkxZ\Z![Ilxhpkmlyr.fq[CreZ\ QhpWYk t [Cr t [�wQkmZ\nygm|pgmacrjkml�[Ilxhj|p[�¢�£j� [)h\«�£j�#dyrjdY[)fcfc[)Z\[)l>h!nY|pkmnTkxrj )[Cr)�@wQ[Ir t [)dYz�wQ|paqhjX)|p[Ir
 Qh
gil>h�rjkmdYx[)lxh Z\asr[Il�w)kmlyw)dY|j|p[)lyw)[ t gilyr fcg!nY|
g�hpac±>dY[§¨:{�gi|jhjac[

4
©Qª

CDC Ý"EGF
H.IJF



] � ���  ������#�
�����  ��	��
���� ����

� ������"�	¾��*���	��Q��� ��*������
	���������¾�

��gilyr�wQ[)hvhj[&nygm|vhpaq[x�olYkxdyrnY|p Irj[)lxhpkmlyrfsg\wQkxlyr�hp|jdBw¡hjackml t d<wQ|paÏhpX)|p[1¢,£j��ªo{�kmdY|FwQ[Ifcgy�olYkmdBrlYkmdyr�ginYnydYumkmlyr rjdY| fsg
nY|p Irj[)lxh
g�hpaqkxl�nY|pkmnTk>rv )[�nygm| �Fg�¥ hj[I|ju�¨��.)3)i]b©¡ª

� l t asrjnTkxrj[ t ° dYl
n
²³ Iw
Wygmlxhjacfcfqkxl

X = (X1, . . . , Xn)
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∫

Θi

gMi
(X, θi)P (θi|Mi)dθi,

k��
gMi

(X, θi)
[Irvh�fcg!b|
giasrv[IZe�YfcgmlywQ[1wQkx|j|p[IrjnTkml t gil>hgmd�Z\k t X)fc[

Mi
t [&nygi|
giZ\X)hj|p[Ir

θi
0

gMi
(X, θi) = P (X|θi,Mi).

� l�|p ) Iw)|jaqh w)[Qhjhj[&aclxhj I�m|
gifc[1rvkxdyrfcg.¥¦kx|jZ\[

P (X|Mi) =

∫

Θi

[ g(θi)dθi,
k��
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��[ |p IrjdYfÏh
g�h@|p[Irvhj[�gmfcgm�Yfc[,nTkmdy| t [Ir�¥¦kmlywQhjackmlyr
L
±>dYa t  )nT[Il t [)l>h t [

n
rjkmdBr@wQ[)|jhpgmaqlY[Cr�w)kml t aÏhpaqkxlyr ¨:wQ¥O«�lYly[Qzo[

¢ ©¡ª 6Fkmdyr f7° ginYnyfqas±>dYkmlyraswQa¾®!fsg.¥¦kmlywQhjackml 0

Ln(θi) =
g(θi)

n
=

1

n

n∑

k=1

log (gMi
(Xk, θi)) +
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Ln(θi)
�

 Aθ?
i

f7° kmnynBk>rv  t [&fcg!Z§gihj|pacw)[�WY[Crjrjac[)lYlY[ t [Ir t  )|paqm I[Ir rv[CwQkml t [Irnygi|jhjac[)fcfc[Ir t [1fsg.¥¦kxlyw¡hjackxl
Ln(θi)

[Il
θi

0

Aθ?
i

= −
[

∂2Ln(θi)

∂θj
i ∂θl

i

]

j,l

|θi=θ?
i
,

¨:]>©

k��
θj

i

[Irvh�fcg
j
X)Z\[�wQkmZ\nTk>rjgmlxhj[ t d�m[Cw¡hp[)dY| t [Crnygm|pgmZ\XQhj|p[Ir

θi
ª

6�kxdyrkx�ohj[IlYkmlyr

P (X|Mi) =
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(X, θ̂i)) −

Ki

2
log (n).

��° [Irvh t [�w)[Qhjhj[�ginYnY|pk¯zbacZ§g�hpaqkxl1±>dY[}fq[�wQ|paÏhpX)|p[}¢,£j� [Cr�h�acrprvd¾ª¾{}fcdyr¾nY|j CwQasrv IZ\[)lxhC�CnTkmdY|¾fc[}Z\k t XIfq[
Mi

acfxw)km|p|j[CrvnTkml t
®!f8° gmnYnY|pkCzoacZ\gihjackml t [ −2 log P (X|Mi)

[Qh�[Irvh t kmlyw t  Q¬ylYa¾nygi|;0

BICi = −2 log (gMi
(X, θ̂i)) + Ki log (n).

¨�&m©
��[&Z!k t X)fc[&rj )fc[Iw¡hpaqkxlYlY 1nygm| w)[&w)|jaqhjXI|j[1[Irvh

MBIC = argmin
Mi

BICi.

� �b� �����O� ���	 6Fkmdyr\gCxkmlyre¥:giaqh\f8° Wbu>nTkmhjWYXCrv[�±>dY[�fsg�fckxa t [Cr!Z!k t X)fc[Ir
P (Mi)

[Cr�h\dYlyaÏ¥¦kx|jZ\[mª5�¾g�nY|jasrj[�[)l
wQkxZ\nohj[ t ° dylY[Faclo¥¦km|pZ\gihjackml  ��%�#	"�%�@rjdY|�fc[Ir�Z!k t X)fc[Ir}[Cr�h�hjkxdohj[)¥¦kmasr}nTkxrprjaq�Yfc[m�xkxl§dohjacfcacrj[�gifckm|
r@fq[�wQ|paÏhpX)|p[ Z\k t aq¬y 
0

−2 log (gMi
(X, θ̂i)) + Ki log (n) − 2 log (P (Mi))

� �b� �����O� � � 	���° [I|j|p[)dy|�[)l O(n−1/2)
t gmlyr�f8°  )�xgmfcaÏhp �¨

6
©�[Irvh1lY )�xfqac�m[Cgi�Yfc[efckm|
rp±xdy[

n
hj[)l t m[)|
r�f8° aclo¬ylya7ªe{@gi|

wQkxlxhp|j[�f7° [)|p|j[IdY| t ° gmnYnY|pkCzoacZ§g�hpaqkxl&[)l O(1)
nT[Idoh�nT[)|jhjdY|p�T[)|�fc[,w
WYkmaqz t deZ\k t X)fc[�¬ylygifbZ<>IZ\[,rja>fq[Cr t [)dYz&ny|j[)Z\ac[)|
r

hj[I|jZ\[Cr�rvkxlxhenY|j InTkml t  I|pgmlxh
r&±>dygil t
n
[Irvh��x|pgml t nYdYasrj±>d�° [)fcfc[§[Cr�h.rvuorvhj IZ\gihjas±>dY[mª 6� IgmlYZ\kmaclyr&nTkmdy|ewQ[)|jhpgmaqly[Ir

t asr�hp|jac�Ydohpaqkxlyr  @��%�#	"�%��rjdY|.fc[Irenygm|pgmZ\XQhj|p[Ir
θi
�@fq[Shj[I|jZ\[ t ° [)|p|p[)dY|enT[Idoh<>Qhp|j[SnYfcdyr.nT[QhpaÏh§±xdy[ O(1)

ª ��gmlyrefc[
w)gxr t ° dylY[ t asr�hp|jac�Ydohpaqkxl ZedYfqhjaclYkx|jZ§gifc[enygm|�[Qzo[)Z\nYfc[m�µfq[ehj[I|jZ\[ t ° [I|j|p[)dy|F[Irvh t [ef8° km| t |j[ t [ O(n−1/2)

¨7��g�¥ hp[)|pu
¨��.)3)m]>©v©Qª

� �T�.	'���/��'%,	'01	��Q��� ��* ���'�
	'��'�������

�}° dYlY[ t [Cr t a"!�wQdYfqhj Cr t d�wQ|paqhjX)|p[ ¢,£j��[Irvh�rvkxl!aclxhp[)|pnY|j )hpgihjackml�ª'��g&±>dY[Irvhjackml\[Irvh}fsg&rjdYac�gil>hj[;0�±xdy[)fy[Irvh}fc[ Z\k t XIfq[
±>dY[&f8° kml<w
WY[)|
w
WY[�®§rv Ifq[Cw¡hpaqkxlYlY[)|�nygm| fc[ewQ|paÏhpX)|p[&¢,£j������w)[&lYacm[Igmd��yfq[Cr lYkmhjackmlyr t [&nY|pkm�Bgi�Yacfqaqhp @ ;��%�#	"�%�,kmd  
�G	�� �����%�#	��%� t ° dYl<Z\k t XIfq[ervkxlxhFnT[)d<[QzonYfcaswQaqhj[Ir�[)hFlY[ t kmlylY[)l>hFnygmr�dYlY[�a t  )[�aclxhpdYaqhjacm[ t [ew)[e±xdy[�¢,£j� w)kmlyrja t X)|p[
>Qhp|j[FdYl ¡�Tkml ,Z\k t X)fc[mª@��[Ir�wQkxlyrva t  I|pgihjackmlyr}gmrjubZ\nohjkmhjas±xdy[Ir}nY|j Crv[Ilxhp )[Ir}aswQaBmkxlxh�lYkmdyr�nT[)|pZ\[Qhvhp|j[ t ° aclxhp[)|pnY|j )hj[I|
wQ[)hvhp[�lYkmhjackml t [�Z\[)acfcfq[IdY|�Z\k t X)fc[m� t [ t  Qhp[)|pZ!aclY[I|�w)[�±>dY[�f7° kml�[)l>hj[Il t nBgi|¾ny|jkx�ygi�YacfcaÏhp   �G	=�%���
�%�#	"�%� t ° dYleZ!k t X)fc[m�
Z§giasr'gmdyrprva t [,nY|j CwQasrv[I|�[Il!±xdy[)forj[)lyr�¢,£j� [Irvh�dYl!w)|jaqhjXI|j[�)wQkmlyrjasr�h
gil>h�nTkmdy|'fsg t acZ\[)lyrjaqkxl �ª@��[Qhjhj[aql>hj[)|pnY|p Qhpgihjackml
lYkxdyr�nT[I|jZ\[Qhjhj|
g.gidBrjrja t [ t asrpwQdohp[)|fcg.lY Iw)[Irprvaqhj  t [�f8° WbubnTkihjWyXIrj[ t ° ginYnBgi|jhj[)lBgilyw)[ t d�b|
giaTZ\k t X)fc[1®efsgefcacrvhp[ t [Ir
Z\k t XIfq[Cr wQkmlBrva t  )|p IrIª

à#" C à%$



���������
	�����
������������������������������! "���#	"� &

����� ���	��
����������������������� �!#"$�

6�kxdyre|p[)ny|j[IlYkmlyr�aswQa,fsg |p[)Z§gi|
±>dygi�Yfc[�nY|j Crv[Ilxhpgihjackml t [�wQ[Qhjhj[�lYkmhjackml�nY|pkmnTk>rv I[§nBgi|!¢,dY|jlyWygiZ gil t «Fl t [)|
rjkml
¨7�m�m�>�m©¡ª'6�kmdBr rjdYnYnTkxrjkmlyrfq[Cr wQkxlYlygmacrprjgmlywQ[Cr,rjdY| fc[&wQ|paqhjX)|p[1«F£j�½[)h�rpg t  )Z\kxlyr�hp|pgihjackml�gmwI±>dYacrj[IrIª

�FginYnT[)fckmlBr�±>dY[efcg t [Ilyrvaqhp e®§[IrvhjacZ\[)|F[Cr�h
f
ª � l rvdYnYnTk>rv[e±>dY[�fc[Ir

m
Z\k t XIfq[Cr

M1, ...,Mm
rjkmlxhF[IZe�Tk�(shj Cr)ª

�¾g�nyrj[)d t ki² t asr�h
gilyw)[ t [&%1dYfqfc�ygxwp¶>²¤��[)ac�Yfc[)|\¨:gmnYnT[)fc )[ t gilyr�fsg�rjdYaqhj[ t acrvhpgmlywQ['%���©F[Ilxhj|p[ t [Idoz t [)lBrvaqhj Cr
f
[Qh

g[Irvh t  Q¬ylYac[&nygi|;0

dKL(f, g) =

∫

Ω

log

(
f(x)

g(x)

)

f(x)dx.
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t kmaqh&gidyrprva >)hj|p[.ny|j )¥¦ )|p !®�hjkxdyr�fq[Cr�Z!k t X)fc[Ir t ° kx| t |j[!rvdYnT I|jac[)dY|
r
Mi
�
i = t + 1, ...,m

��nYdYasrp±>d�° acfsr
rjkmlxh,nYfcdyr,wQkxZ\nYfqas±>dY Ir,±>dY[
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[QhF«Fl t [)|
rjkml�w)kmZ\Z\[1fc[1Z\k t XIfq[�)±>dygmrjaq²8b|pgia �ª'{'kxdY|
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BICi − BICt, i 6= t.

�����b� � ���§» �y���
i < t�.° gmnY|jXCr&¨�&m©¡�Ykml�g 0

BICi − BICt = −2 log(gMi
(X, θ̂i)) + 2 log(gMt

(X, θ̂t) + (Ki − Kt) log(n)

= 2n

[

− 1

n

n∑

k=1

log(gMi
(xk, θ̂i)) +

1

n

n∑

k=1

log(gMt
(xk, θ̂t))

]

+ (Ki − Kt) log(n)

= 2n

[

1

n

n∑

k=1

log

(

f(xk)

gMi
(xk, θ̂i)

)

− 1

n

n∑

k=1

log

(

f(xk)

gMt
(xk, θ̂t)

)]

+ (Ki − Kt) log(n).
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/ C Û�Ü�Ø
Ù.0Iò¯Û�1 Mt
Û�2IâÄã:Ú7Û@Ú43¡ò6543¡òCÙ7ãvÔi×Cò¯âäã70)ò¯Û@é98 3¡Ý�Ø,Ø
ò�Ü�3¡âäÝ¯ã dKL(f, Mi) ≤ dKL(f, Mm) ×:3¡òCÙ�Ú73¡òCÚ i

CDC Ý"EGF
H.IJF



- � ���  ������#�
�����  ��	��
���� ����

|
ginYnTkx|vh t [e>|
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∆BICi = BICi − BICmin
�µk��

BICmin
t  Irjaq�xlY[efsg

nYfcdyr nT[QhpaÏhp[&�gmfq[IdY|km�Brv[I|jm I[ t [�¢,£j��rvdy| fq[Cr
m
Z\k t X)fc[IrIª � l�g 0
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∫
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(
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gMi
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)

f(x)dx
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(X, θ̂i)) + 2Ki.
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AICi − AICt ≈ 2n[dKL(f,Mi) − dKL(f,Mt)] + 2(Ki − Kt) i < t
AICi − AICt ≈ −χ2

(Ki−Kt)
+ 2(Ki − Kt) i > t
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��[Cr,Z\k t XIfq[Cr

Mi
�
i < t

rvkxlxh�gmrjubZ!nYhjkihpac±>dY[IZ\[)lxh t asrj±>dygmfqaq¬y Cr)ª��}l�|j[)igilyw
WY[x�>fsg.ny|jkx�ygi�YacfcaÏhp  t [ t acrp±>dygifcaq¬y[)|fc[Ir
Z\k t XIfq[Cr

Mi
�
i > t

lY[ hp[)l t nBgmr@m[I|pr}�Y�xnYdYasrp±xdy[ fc[ hj[)|pZ\[ asrprvd t [Ir}nT )lygmfqaqhj Cr
2(Ki−Kt)

ly[ t aqm[I|j�x[nygxr}±>dygil t
n
hj[Il t m[)|
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giaTZ\k t XIfq[xª
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	)d�nTkxdY|
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MAIC = argmin
Mi

(

dKL(f,Mi) + E

[
∫

Ω

log

(

gMi
(x, θ̄i)

gMi
(x, θ̂i)

)

f(x)dx

])

,

k��
θ̄i
[Irvh&fsg��gmfq[IdY| t [

θi
m )|paq¬Bgil>h§¨#->©¡ª\��[\nY|p[)Z\aq[I|�hj[I|jZ\[\Z\[Irvdy|j[!fsg t acrvhpgmlywQ[ t [

f
gid�Z\k t XIfq[

Mi
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©
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gMi

(., θ̄i)
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n
t kml>h
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 Iw
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f
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gMi
(., θ̄i)
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M1 ⊂ ... ⊂ Mt ⊂ ... ⊂ Mm
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Mi
t [ t aqZ\[Ilyrvackml

nYfcdyr nT[QhpaÏhp[&|j Cgifcacrpgil>hdYl�Z\[)acfqfc[)dY|FwQkxZ!ny|jkxZ!asr,�Yasgiasrv²8igi|jasgilywQ[xª

 ��kx|prp±>dY[ n
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�¾g t [)dozoacX)Z\[�Z\ QhpWYk t [�[Irvh��ygxrv I[�rvdY|�fcgF±>dygifcaqhj  t [�fcg�nY|p  t asw¡hpaqkxl�¨:¢,dY|plYWygmZ gil t «�l t [)|prjkml�¨8�i�x�x�m©j©¡ª � l�rjaqZedYfc[
t [Cr t kxlYlY I[Ir

(xi, yi)
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M1 ⊂ ... ⊂ Mm
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(ŷi − yi)
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g�hjas±>dY[Ir�[Qh,hjWY Ikm|pac±>dY[Cr�Z\kml>hj|p[)lxh ±xd¾° acfTl¾° [)zbasrvhj[�nygxr t [�w)|jaqhjXI|j[
dYlYacm[)|
rj[)fcfq[IZ![IlxhZ\[Iaqfcfq[IdY|Cª}_b[)dyfcrf8° kx�b~�[Cw¡hpaÏ¥ t [1f8° [)zbnT I|jacZ\[)l>hpg�hp[)dY|[)h rpg!wQkxlYlygiasrprjgmlywQ[ t [Ir t kmlYly )[Ir ®!gilygmfquorj[)|
nT[)dYx[)lxh t kxlYlY[I| dYl�rj[)lBr ®!fcg!lykihjackxl t [&rjdYnT )|packm|paÏhp  t ° dyl�w)|jaqhjXI|j[&rvdy| f7° gidohp|j[xª

� ��������Q*�"¾�Q�e��"

6�kxdyr�g¯mkxlyr@ CwQfsgiac|pw)aYfc[Ir�W>ubnTkihpWYXIrj[IrI�xfq[Cr}kx�b~�[Cw¡hpaÏ¥:r�[Qh�fc[Ir�nY|jkxnY|paq )hj Ir t dSwQ|paÏhpX)|p[�¢,£j��ª>��[Cr�w)kmlyrja t  )|pgihjackmlBr t [�w)[Qh
gi|jhjaswQfc[!lY[\nY|p Qhp[)l t [)lxh�nygmr >Qhp|j[\[QzoWygidBr�hpaqm[Cr<0�[Il nygi|jhjaswQdYfcac[)|C�OlYkxdyr�l¾° g¯mkmlyr�nygxr�nY|p Irj[)l>hj \acw)a@fc[Ir1fqac[)lBr1[)lxhp|j[
¢,£j�5[Qh,fq[�¥:gxw¡hj[IdY| t [�¢gCum[Cr�¨4%&gmrpr}gml t ��g�¥ hp[)|ju�¨v�*)�)x�m©j©¡�xlYaBfsg&nYfsgxwQ[ t [�¢,£j� t gilyr�fsg1hjWY Ikm|paq[ t [FfcgewQkxZ!nyfq[)zbaqhj 
rvhjkow
Wygmrvhjas±>dY[ t  Im[)fckmnYnT I[ nygi|�� asrprjgmlY[)l<¨��.)3-/&m©¡ª 6�kmdBr�hj[I|jZ\aclY[)|pkmlBr�nygm|}±>dY[Ifc±>dY[Cr@|p[)Z§gi|
±>dY[Ir@rvdy|}fq[Cr t aq´µ )|p[)lxh
r
nTkmaclxh
r gm�Tkm| t  Ir t gmlyr wQ[)hFgi|jhjaswQfc[mª
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£¤f�[Cr�h.acZ\nTkm|jhpgil>h t [�rvkxdYfcaq�xlY[)|e±>dY[Sfsg wQkxlyr�hp|jdBw¡hjackml t d5wQ|paqhjX)|p[S¢�£j��|p Igmfqasrj )[§[)l�nygi|jhjac[��<g< )hj Skx�ohj[Il>dY[
t gmlyr}dYlSw)g t |j[�gxrvubZ\nohpkihjas±>dY[mª'�}l�nY|
g�hpac±>dY[x�xfq[Cr@hpgmaqfcfc[Ir t °  Iw
Wygil>hjacfqfckmlBr�rvkxlxh�rjkmdYm[Ilxh}hp|jkxn\nT[Qhpaqhj[Ir�nTkxdY|�|j[Ilxhj|p[)|
t gmlyr,wQ[1w)g t |j[x�bwQ[1±>dYaµnT[)dohnTk>rv[I| t aq´µ )|p[)lxh
r,nY|pkm�YfcX)Z\[IrIª��.° dYly[�nygm|vh,fc[IrginYnY|pk¯zoaqZ§g�hpaqkxlyr}|p Igmfqasrj )[IrI�>w)kmZ\Z\[�fsg
Z\ QhpWYk t [ t [ �¾gmnYfsgmwQ[x��nT[IdYm[)l>h�rv[|p )m )fc[)|'hp|jXCr�aqly[QzYgmw¡hp[IrIª'�e° gidYhj|p[nygi|jhI�ikxl\wQkmlBr�h
g�hj[ ±>dY[fsg�fckxaD ��%�#	��%��rvdY|@fc[Ir
nygm|pgmZ!X)hj|p[Ir

P (θi|Mi)
l�° ginYnBgi|
g=(sh,nBgmr t gilBrfq[&w)|jaqhjXI|j[§¨�&i©Qª���[Qhvhp[�gi�yrj[)lyw)[�[Irvh |
gmrprvdy|pgil>hj[m�bnYdYasrp±xd¾° [Ifqfc[&rjaq�xlYaÏ¬B[

±>d�° dYlY[�Z§gidYigiasrv[�rvnT CwQaq¬Bw)gihjackml t [
P (θi|Mi)

l�° gidY|
gFgidywQdyl�nTkma t r'rvdy|�fsgFrj )fc[Iw¡hpaqkxl t [�Z\k t X)fc[IrIª�V�kmdohp[Q¥¦kxacrI��wQ[)hvhp[
gi�Brv[IlywQ[lY[�rv[�~�dyrvhjaq¬y[�±>d�° gmrjubZ!nYhjkihpas±xdy[)Z\[)lxhC�mfqkx|prp±>dY[,f8° kxl!|j[IZ\nYfcgxwQ[

θ∗
nBgi|

θ̂
t gilBr�f8°  C±xdBg�hjackml�¨7�x©¡�>gidohp|j[IZ![Ilxh

t aqh�fqkx|prp±>dY[�f7° kml�nT[Idoh ¥:giac|j[1f7° W>ubnTkmhjWYXCrv[&±>dY[1f8° aqlo¥¦kx|jZ§gihjackml�gmnYnTkm|jhj I[�nygi|
P (θi|Mi)

[Cr�h�lY )�xfqac�m[Cgi�Yfc[1wQkmZ\nygm|j I[
®ef8° aclo¥¦kx|jZ§g�hpaqkxlSgmnYnTkm|jhj I[Fnygm|�f8°  Iw
Wygil>hjacfqfckml�ª���[)hvhp[�W>ubnTkihpWYXIrj[�l�° [Irvhnygmr,w)kml>m[Ilygi�yfq[�fqkx|prp±>dY[

n
[IrvhnT[QhjaqhI�YrpgidY¥

rja
P (θi|Mi)

[Irvh rjdYnYnTkxrj )[�dYlYaq¥¦km|pZ\[m�YwQ[1±>dYaOl�° [IrvhnBgmr�hjkxd�~�kmdy|pr,nTkxrprvac�Yfc[mª � l�|j[)hj|pkmdYm[�aswQaOfcg t a"!�wQdYfqhj &nY|jkxnY|p[
®!f8° gmnYnYfcacwIg�hjackml t [�wQ|paÏhpX)|p[IrgxrvubZ\nohpkihjas±>dY[Ir ® t [Cr w)gxr wQkmlBwQ|p[QhprIª

��gifc�m|p <wQ[CrSwQkmlBrva t  )|
g�hpaqkxlyrI� t gmlyr�dYl½�m|
gil t lYkxZe�Y|j[ t [�wIgmr§f8° ginYnYfcasw)g�hpaqkxl t d�w)|jaqhjXI|j[ ¢,£j� ¥¦kxdY|plYaÏh t [Ir
|p IrjdYfÏh
g�h
r@hp|jXCr�rjgihjasr�¥:gmacrpgil>hprIª'V¾kxdoh t ° gm�Bkx| t �xaqfT[)zbasrvhj[ t [Cr�w)gxr}nTkxdY|�fq[Crj±>dY[Ifcr�kmlSrjkmdYWBgiaqhj[F[QzonYfqaswQaqhp[)Z\[)lxh t  Iw)|jac|j[
fsg�rvhj|pdyw¡hpdY|j[ t [fsg�nTkmnYdyfcgihjackml. Qhpd t ac )[xª��¾g�rj )fc[IwQhjackml t [Z\k t X)fc[Ir t gilyr�fc[wIg t |p[ t d!Z\k t XIfq[ t [Z\ )fsgilY�x[1¨ �y|pgmfq[Iu
gil t ��gi¥ hj[)|pu�¨��.)3)3->©v©'[Irvh�dYl§�Tkml§[Qzo[)Z\nYfc[�0�f8° km�o~�[Iw¡hpaq¥O[Irvh t [ hj|pkmdym[)|}fq[�lYkxZe�Y|j[ t [FwQkxZ!nTk>rjgmlxhp[Ir t d§Z! IfcgmlY�m[x�
±>dYa�rj[)|
g [)lBrvdYaqhj[�aql>hj[)|pnY|p Qhp <nTkmdy| t asr�hpaqlY�xdY[)|�gidoh
gil>h t [�rvkxdyr�²³nTkmnYdyfcgihjackmlyr t asr�hpaqlywQhj[Cr)ª���° [Cr�hSnTkmdy|p±>dYkxa fc[Ir
gidYhj[)dy|pr,¨8��[Ifq[Idozegil t _bkm|pkmZ\[)lYWyke¨v�*)�)m�x©Q����w)�¾gxwpWYfsgmlegil t {�[)[IfO¨7�m�m�m�>©v©�rI° gmw)w)km| t [)l>h�nTkmdY| t ac|j[,±>dY[¢,£j� t kmlYlY[
t [�Z![Iaqfcfc[)dY|
re|j CrvdyfÏh
g�hpr.±>d�° «�£j� 0�«�£j�#[Ir�h!fqkx�mas±>dY[)Z\[)l>h t acrp±>dygifcaq¬y �nydYacrp±>d�° aqf,l�° [Irvh.nBgmr.wQkxlyrvasrvhpgil>hIª 6�kmhjkmlBr
hjkxdohj[)¥¦kmasr�±>dY[m�'fqkx|prp±>dY[\fq[�Z!k t X)fc[ t [§Z\ IfcgmlY�m[§[Irvh�dohpaqfcacrj �nTkmdY| t asr�hpaqly�mdY[)| t [Ir�rjkmdyrv²³nTkmnYdYfsg�hpaqkxlyr t asrvhjaclyw¡hp[IrI�
t ° gidohp|j[Cr�wQ|paqhjX)|p[Ir�nYfcdyr,nT[)|v¥¦kx|jZ§gmlxhpr�±>dY[�¢,£j� kml>h, Qhp �nY|pkmnTkxrj Ir}nTkxdY|�fsgerj )fc[IwQhjackml t d�lYkmZe�Y|p[ t [1wQkmZ\nTkxrpgil>hj[Cr
t gmlyrdYl�Z\ )fsgilY�x[\¨7¢�ac[)|plygxwp¶ba ���  �� � ¨8�i�m�x�x©j©¡ª

{@gi|�giacfqfc[)dY|
rI�yfc[Ir�wQkmZ\nygm|pgmacrjkmlyr[Ilxhp|j[.«�£j� [Qh�¢,£j� rvkxlxh��m )ly )|pgmfc[)Z\[)lxhF|p Igifcasrv I[Ir�gCx[Iw&dYlY[.wQkxfqfc[IwQhjackml�¬ylYac[
t [1Z!k t X)fc[IrIª � giasr,aqfO[)zbasrvhj[ t [Ir rjaÏhpdyg�hpaqkxlyr,k���fq[1lYkmZe�y|j[ t [1Z!k t X)fc[Ir®!wQkxlyrva t  I|j[I|,gmdY�mZ\[)l>hj[1g¯m[IwFfc[�lykmZe�Y|p[
t [ t kmlYly )[IrIª � l�nT[Idoh�wQaqhj[I|Ffq[Cr�[Qzo[)Z\nYfc[Ir t [�fsg t  Qhp[Iw¡hpaqkxl t [e|jdYnYhjdY|p[Ir�kmd t [ef7° [IrvhjacZ§g�hpaqkxl t [eb|pgmacrj[)Ze�YfsgmlywQ[
nygm|&WYasr�hpkm�x|pgmZ!Z\[xª\{�kmdY|ew)[Ir�rvaqhjdBg�hjackmlBr)��aqf�g� )hj §kx�yrv[I|jm §±>dY[§fcg t acZ\[)lyrjaqkxl t [Ir&Z\k t XIfq[Cr&w
WYkxacrjacr�gCm[Cw\«�£j�
[QzonYfckxrj[�gifckm|
re±>dY[�¢,£j� rv[)Ze�yfq[�ny|jkow
WY[ t [�f7° [ !�w)gxwQaqhj  ¨:�¾[)�ygm|j�Yac[)|�¨8�i�x�x�m©Q�Ä�,gmr�hp[)fcfcgil�¨��.)3)�)x©v©Qª ��gilyr!w)[Ir!w)gxr
nY|p Iw)acrI�>«F£j� [Irvh t kxlyw��yg�hjhjd�rvdY|,rjkml�nY|jkxnY|p[hp[)|p|pgmaql��@�¾[Fnygi|
g t k¯zo[ l�° [Irvh�aswQaµ±>d�° gmnYnygi|p[)l>hIª���kx|prp±>dY[ fc[FlykmZe�Y|p[
t [.Z\k t XIfq[Cr�®�wQkxlyrva t  )|p[)|�gidY�xZ![Ilxhp[enYfcdyr�>aqhj[!±>dY[.fsg§h
giacfqfc[ t [.f8°  CwpWBgilxhpaqfcfckml��O¢,aq|p�m .gil t � gxrjrpgi|jh.¨7�m�m�y�C©kxlxh
t  IZ!kxlxhp|j e±>dY[erj[)dyfcr t [Ir�wQ|paÏhpX)|p[Ir�g¯uxgil>h�dYl<hp[)|pZ![e[)l

log(n)
nT[)dym[)lxh >)hj|p[�[ !�w)gxwQ[Cr)ª ¢,aq[Il ±>dY[�nTkxrprj  t gmlxh�dyl

hj[I|jZ\[&[)l
log(n)

nTkmdy| t ° gmdohj|p[Ir|
giasrvkxlyrI�>fc[&w)|jaqhjXI|j[&¢,£j�½[Ir�hFgifckm|
r,nYfcdyr [ !�w)gxwQ[&±xd¾° «F£j��ª

� ��������� "

{'kxdY|�rvacZ\nYfqaq¬y[I|�f8°  CwQ|paÏhpdY|j[x�YlYkxdyr lykihjkxlyr
θ = θi

�
Mi = M

[Qh
P (θ|M) = P (θ)

ª,V�kmdyr�fq[Cr |p IrjdYfÏh
g�h
r t  )Z\kml>hj|p Ir
t gmlyrFw)[Qhvhp[enygm|vhpaq[�|p[I±>dYacX)|p[)l>hF±>dY[

P (θ) 6= 0
[)h�nYfcdyrFnygm|vhpacw)dYfqacX)|p[)Z\[)l>h�±>dY[

log (P (θ))
|p[Irvhj[��Tkx|jlY �nTkxdY|�hpkmdoh

θ
ª � l�rjdYnYnTk>rv[&gidBrjrja�±xdy[1fsg!>|
giasrj[)Ze�Yfsgilyw)[�[)hFrv[Cr t  )|paqm I[IrlY[ t  )�m IlYX)|p[)l>hnBgmr[Il

θ = θ̂
ª

à#" C à%$
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� l�rI° aclxhp )|p[Irprv[1®\fcg\w)kml>m[I|j�x[)lyw)[�[)l�nY|pkm�ygm�Yaqfcaqhj  t [
Ln(θ)

ª@{�kxrjkmlyr 0

LGn(θ) =
1

n

n∑

k=1

log (gM (Xk, θ)) et Bn(θ) =
1

n
log (P (θ)).

¨��C�x©

«�fckm|
r
Ln(θ)

¨
3
©�rI°  IwQ|paqh

Ln(θ) = LGn(θ) + Bn(θ)
ªF_okmdyrFfcg�w)kml t aqhjackml ±>dY[

E[| log (gM (X1, θ))|] < ∞ �Bkxl gY�
nygm|�fsg�fqkxay¥:giac�Yfq[ t [Ir��m|
gil t r}lYkxZe�Y|p[IrI�xfcgew)kml>m[I|j�x[)lyw)[ [)l�ny|jkx�ygi�YacfcaÏhp  t [

LGn(θ)
m[)|
r

E[log (gM (X1, θ))]
ª@�F[

nYfcdyrI�
Bn(θ)

p.s−→ 0
ª���[&±>dYa¾wQkxlywQfcdohFrvdY| fsg\wQkxl>m[I|j�x[)lyw)[�[)l�nY|jkx�ygi�yaqfcaqhj  t [

Ln(θ)
m[)|
r

E[log (gM (X1, θ)]
ª

� � ���������

�� )Z\kml>hj|pkmlyr,fsg.nY|jkxnTkxrjaÏhpackml
2.1
ª@{�kmdY|nyfqdyr t [&rjaqZ\nYfcaswQaqhj m�YlYkmdyr rvdYnynBk>rvkxlyr,±>dY[1fcge¥¦kxlyw¡hpaqkxl

L
[Irvh t  )¬ylYac[&rvdY|

R
Z§giasr�fc[\|p IrjdYfqhpg�h�rI°  )hj[)l t ¥:gmw)aqfc[)Z\[)l>h�® t [Cr�¥¦kmlywQhjackmlyr t [

R
d ª��}° a t  I[\nY|paqlyw)aqnBgifc[ t [I|j|paqXI|j[!fc[\|j CrvdYfqhpgih t [\fsgnY|pkmnTk>rvaqhjackml

2.1
[IrvhF±xdy[1f8° aclxhp )�m|
gifc[

∫

R

[ nL(u)du
¨v�m�C©

[Irvh�w)kmlyw)[)lxhp|p )[ gmdohjkxdY|�rvkxlLZ§g�zoacZedYZ ¨¦dYlyac±>dY[¯©<±>dygil t
n
[Cr�h��m|
gil t ª {'kxdY| kx�ohj[IlYaq| f8° km| t |p[ t [ f8° [I|j|p[)dY|

t ° ginYny|jk¯zoaqZ§g�hpaqkxl��xlYkmdBr�[)´T[Cw¡hjdykmlyr�hpkmdoh t ° gm�Tkm| t fc[ t  Im[)fckmnYnT[)Z\[Ilxh t [�V'g¯ubfqkx| t [�fsg&¥¦kxlyw¡hpaqkxl
L(u)

gidYhjkmdy| t [
rjkml�Z\gizoaqZedYZ

L(u?)
0

L(u) = L(u?) + (u − u?)L′(u?) +
(u − u?)2

2
L′′(u?) + o((u − u?)3).

�}° aclxhj I�m|
gifc[\¨
11
© t [I>ac[)l>h�0

∫

R

[ nL(u)du =
[ nL(u?)

∫

R

[ n(u−u?)2

2 L′′(u?) [ no((u−u?)3)du
¨v�C�m©

nYdYasrp±xdy[1nygm| W>ubnTkmhjWYXCrv[x�
L′(u?) = 0

ª 6�kxdyr�wpWY[I|pw
WYkxlyr ®.¥:giac|p[&ginYnygm|pg�(chp|j[�fc[Ir Z\kmZ\[)l>hpr t ° dYlY[�fqkxaO�>gidyrprvac[)lylY[mª
{'kxdY|�w)[)fsgY�olYkxdyr t  Im[)fckmnYnTkxlyr,fc[�rv[Iw)kml t hj[I|jZ\[&[QzonTkmlY[Ilxhjac[)f¾rjkmdyrf8° aclxhp )�m|
gifc[�[Il�dohpaqfcacrpgil>h

[ x = 1 + x +
x2

2
+ o(x3).

�}° aclxhj I�m|
gifc[ t gilBrf8° [)zbny|j[Irprjaqkxl�¨
12
©,igidoh

∫

R

[ n (u−u?)2

2 L′′(u?)du

+

∫

R

[
o(n(u − u?)3) + o(n2(u − u?)6) + o(n3(u − u?)9)

] [ n (u−u?)2

2 L′′(u?)du.

�}l�nTk>rjgmlxh

σ =
1

√

−nL′′(u?)

[Qh
v =

(u − u?)

σ
,

¨v�I�>©

lYkxdyr g¯mkmlyr,nTkxdY|
i ≥ 0

�
∫

R

(u − u?)i [ n (u−u?)2

2 L′′(u?)du =
√

2πσσi 1√
2π

∫

R

vi [ − v2

2 dv.
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� l |j[CwQkmlylyg=(sh\fq[<Z!kxZ\[)lxh t ° km| t |p[
i
t ° dYly[�igi|pacgm�Yfc[�gifc Igihjkxaq|p[

V
t [<fqkxa �xgidBrjrjaq[IlYlY[�wQ[Ilxhj|p )[�|p  t dYaqhp[<®�dylY[

wQkxlyrvhpgil>hj[1nY|pXIrIª@��[CrZ\kmZ\[)l>hpr t ° kx| t |j[�acZ\nygiac|  Qh
gil>h lbdYfsr)�YlYkxdyrkm�Yhj[)lykmlyr
∫

R

[ nL(u)du =
[ nL(u?)

√
2πσ

[

E[V 0] +

∫

R

o

(
v6n2

σ6

) [ − v2

2 dv

]

.

�.° gmnY|jXCr,fsg t  Q¬BlYaÏhpaqkxl t [
σ
¨
13
©Q�Yfc[�hj[I|jZ\[ t ° [)|p|p[)dY|[Irvh t ° kx| t |p[�[)l

1/n
[Qh�aqf�[Irvh¥:gxwQacfq[ t [&mkmac| ±>dY[1fc[Ir,hp[)|pZ\[Ir

t ° [)|p|j[IdY|
r,rjdYnT I|jac[)dY|
rrjkml>h t ° km| t |j[�aclo¥¦ I|jac[)dY|�kmd� )�>gif�®
1/n

ª}�}° aql>hj I�m|
gifc[\¨
11
© t [)bac[)l>h

∫

R

[ nL(u)du =
[ nL(u?)

√

− 2π

nL′′(u?)

[
1 + o(n−1)

]
.

¨v�)]b©

��[&±>dYa¾w)kmlywQfcdoh�fcg!ny|j[IdYm[ t [1fsg!nY|pkmnTk>rvaqhjackml
2.1
ª

��[&|j CrvdYfqhpgih[Cr�h�km�ohp[)l>d�nTkmdY| dYlY[1¥¦kmlywQhjackml
L
±>dYa�lY[ t  InT[)l t nygmr t [

n
ª�_oa�w)[1l�° [Irvh nygxrfq[�w)gmrI�ofq[&|j IrjdYfqhpgih

l�° [Irvh!nYfcdyr!rja, )ba t [)lxhCª �}l [Q´µ[QhI��[)l5[Q´µ[IwQhjdygmlxh!dyl t  )m[IfqkxnYnT[)Z\[)l>h t [�V'gCubfckm| t [
L(u)

gidYhjkmdy| t [
L(u?)

®
f8° kx| t |p[

4
�Ykml�km�Yhjac[)lxh�f8° [QzonY|j[Crjrjackml�[QzonYfcacw)aÏhp[ t d�hp[)|pZ![ t ° [I|j|p[)dY| [)l O(n−1)

¨ t gilyr�¨
14
©v© ±>dYaO[Cr�h�0

1

n

[
5

24

L′′′(u?)2

L′′(u?)3
− 1

8

L′′′′(u?)

L′′(u?)2

]

+ o(n−2).

«�aclyrja�nTkxdY|�±>dY[ef7°  )�>gifcaÏhp S¨��I]>© |j[Cr�hp[��gifsgi�yfq[x�yacf¾¥:gidYh�±>dY[efq[Cr t [)doz wQkb[ !�w)aq[IlxhprFnY|p Iw)  t gil>h
1/n

|p[Irvhj[)l>hF�Tkx|jly Ir
[)l

n
¨v¨:Vac[)|plY[Iu gil t %&g t gilY[��*)3-x�x©j©¡ª&£¤f@rv[I|pg t kmlBwelY CwQ[Irprpgiac|j[ t [\nTkxrj[)| t [Ir1w)kml t aqhjackmlBr t [!|p )�xdYfsgi|paÏhp .rvdY|1fsg

¥¦kmlBw¡hjackml
L
±xdya�gxrjrjdY|p[)lxh fq[Cr w)kml t aqhjackmlBrnY|j CwQ  t [)lxhp[IrIª

£�w)a}lYkmdyr�wpWy[)|pw
WYkxlyr&®�ginYnYfcas±xdy[)|&fsg�nY|pkmnTkxrjaqhjackml ®�fsg�¥¦kmlywQhjackml
Ln

¨
3
©1±>dYa t  InT[)l t�t [

n
ª@6Fkmdyr&nTkmdYmkxlyr

rjdYnYnTkxrj[)|�±>dY[�fsg�wQkxl>m[I|j�x[)lyw)[ t [Cr ¥¦kxlyw¡hpaqkxlyr t ° aclxhp )|8>QhprFm[I|pr t [Ir�±>dygmlxhjaqhj Cr�nTk>rjrj  t gilxh t [Cr��TkxlYlY[IrFnY|jkxnY|paq )hj Ir
rjd�!\hIª@��gilyr�lYkihp|j[FwIgmrI�xkml t asrvnTk>rv[ t [Ffsg�wQkxl>m[)|p�m[IlywQ[ [)l�nY|jkx�ygi�yaqfcaÏhp  t [

Ln
m[)|
r}dYlY[�±>dygil>hjaqhj �±>dYaBlY[ t  )nT[Il t

nygxr t [
n
¨:w¡¥'«�lYlY[)zo[�«�©Qª��@hnBgi|�fc[�Z9>)Z\[�|
giasrvkxlYlY[)Z\[)l>hI�>kmlSkm�ohpaq[Ilxh�¥:gxwQacfq[IZ![Ilxhfcg.wQkmlbm[)|p�m[IlywQ[ t [Ir t  )|paqm I[Ir

t [&fcg.¥¦kxlyw¡hpaqkxl
Ln
ª

� � ���������

�}° km�o~�[IwQhjaq¥�[Irvh aswQa t [ t kmlYly[)| f8° kx| t |p[ t [Ir [)|p|p[)dY|
r t ° gmnYnY|pkCzoacZ\gihjackml t [
θ? nygm| θ̂

[Qh t [
Aθ?

nygi|
Iθ̂

ª

� ��º � � � ��¸��
�7� �o¹��:¸� � �
θ? � ���

θ̂

� l�w
WY[)|
wpWY[&®!Z\kxlxhj|p[)|�±>dY[
√

n(θ? − θ̂) = OP (1).
� l t  Iw)kmZ\nTkxrj[1w)[�hj[I|jZ\[&[)l�fsg\rjkmZ\Z\[ t [ t [)dozShp[)|pZ![Cr

√
n(θ̂ − θ0) +

√
n(θ0 − θ?),

k��
θ0
[Irvh1f8° dylYac±>dY[\Z§g�zoacZedYZ t [

E[log (gM (X1, θ))]
¨:f7° dYlYaswQaqhj §[Qzoacrvhj[\rjkmdBr�fsg�wQkml t aÏhpackml t ° a t [Ilxhjaq¬Bgm�Yaqfcaqhj  t d

Z\k t XIfq[¯©¡ª@£¤f¾rvd�!\hFgmfqkx|pr t [&Z\kmlxhp|j[I| ±>dY[�wQ[Ir t [)dozShp[)|pZ\[Ir rjkml>h �Tkm|plY Ir[)l�nY|jkx�ygi�yaqfcaÏhp mª

à#" C à%$
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£¤f,[Irvh.�Yac[)l wQkmlYlbd5±>dY[�rjkmdyr t [Ir!wQkml t aÏhpackmlyr t [�|j I�mdYfsgi|paÏhp m�'f8° [Cr�hpaqZ§gihj[)dY| t d�Z§g�zoacZedYZ t [Sb|
giasrv[IZe�Yfsgilyw)[
θ̂rpg�hjasrv¥:giaqh √

n(θ̂ − θ0)
L,n→∞−→ N (0, I−1

θ0
)
ª���[�±>dYa¾gmrprvdY|p[1±>dY[

√
n(θ̂ − θ0) = OP (1).

{'kxdY|!fc[�rj[IwQkxl t hp[)|pZ![x�}fq[�|p IrjdYfqhpgih.[Cr�h\gxrjrjdY|p �nBgi|.fsg�wQkxl>m[)|p�m[IlywQ[S[)l5nY|pkm�ygm�Yacfqaqhj  t [
L′

n(θ)
m[)|
refsg�Z<>IZ\[

±>dygil>hjaqhj 1±>dY[
LG′

n(θ)
±>dYaµ[Irvh

E
[

∂ log (gM (X1,θ))
∂θ

] ¨ t  )Z\kmlyrvhj|
g�hpackmlSrjaqZ\acfcgmaq|p[�®.wQ[Ifqfc[�nY|p Irj[)l>hj )[�[Il�«�lYly[Qzo[�«�©¡ª
{}dYasrp±xdy[!fq[Cr�Wbu>nTkmhjWYXCrv[Cr�rvdy|1wQ[)hvhj[!fcacZ\aÏhp[!kml>h t  �~v®� Qhj !nTk>rv I[Ir�nTkmdY|�kx�ohj[IlYaq|1fq[!|p IrjdYfÏh
g�h1rjdY|

θ̂
�Okml�kx�ohjac[)l>h1fsg

wQkxl>m[I|j�x[)lywQ[�[)l�ny|jkx�ygi�YacfcaÏhp  t [
θ? m[I|pr θ0

¨7w¡¥���[IZ\Z![
5.10

t gilBr�¨��}gml5��[)|��}gmgm|vh��*)3)�-x©v©1[)h.fsg lYkm|pZ§gifcaqhj 
gmrjubZ\nohjkmhjas±>dY[\¨7w¡¥@VWY Ikm|pX)Z\[

5.21
t gmlyr&¨���gil<�F[I|��}gxgi|jh1�*)�)3->©v©¡ª

� � º � � � ��¸��
�7� �o¹��:¸� � �
Aθ?

� ���
Iθ̂

«¾igilxh t [�wQkxZ!Z\[IlywQ[I|�fsg t  IZ!kxlyrvhj|
g�hjackml¾�lYkmdyr t  )Z\kml>hj|pkmlyrS±>dY[ √
n(Aθ − Iθ)

[Irvh��Bkx|jly <[Il½nY|pkm�ygm�Yacfqaqhj xª
�.° gmnY|jXCrfq[Cr t  )¬ylYaqhjackmlyr t [

Aθ
¨
4
©¡�

LGn(θ)
[)h

Bn(θ)
¨
10
©¡�ykml� Iw)|jaqh�±>dY[

Aθ − Iθ = LG′′
n(θ) − Iθ +

1

n
[log (P (θ))]′′,

k�� fsg t  )|pacm )[5rvac�mlYaq¬y[ t  I|jacm )[�nygi|�|
ginYnTkx|vh�®
θ
ª �}l�lykihpgmlxh ±xdy[

E[LG′′
n(θ)] = Iθ

�.rjkmdyr fcg�w)kml t aÏhpaqkxl
±>dY[

E

(

‖
[

∂2 log (gM (X1,θ))
∂θj∂θl

]

j,l
‖2

)

< ∞ �nygm|§fc[�hjWy )km|pX)Z\[ wQ[)l>hj|
gif�fcaqZ\aqhj[x�kml½g�fcg w)kml>x[)|p�m[)lyw)[�[)l½fqkxa t [
√

n (LG′′
n(θ) − Iθ)

�ywQ[&±>dYa�acZ\nYfcac±>dY[�±>dY[

LG′′
n(θ) − Iθ = OP (n−1/2).

��kmZ\Z\[ 1√
n
[log (P (θ))]′′

wQkxl>m[)|p�m[�nY|p[Irp±xdy[1r��Y|j[IZ\[)lxh�m[)|
r
0
�Ykml�kx�ohjac[)l>hF±xdy[

√
n (Aθ − Iθ) = OP (1) ∀θ.

¨��¯�m©

��[�rv[CwQkml t |p IrjdYfqhpg�h�±>dYa��g!lYkxdyr rj[)|p>ac|[IrvhFwQ[)fcdYa t  )Z\kxlxhj|p  t gmlyrfsg!nygi|jhjac[1nY|p IwQ  t [)l>hj[&±>dYa�[IrvhF±xdy[

θ? = θ̂ + OP (n−1/2).
¨v�I�x©

�}l�[Q´µ[IwQhjdygmlxh dYl t  )m[)fckmnynB[IZ\[)lxh t [1V'gCubfckm| t [
Aθ?

gmdohjkxdY| t [
Aθ̂

®.f7° km| t |p[
2
�onYdYasrj±>dY[

θ? [Qh θ̂
rvkxlxhnY|pkow
WY[Ir

±>dygil t
n
[Cr�h��m|
gil t �bkxl�nT[Idoh� CwQ|jac|p[1±>dY[

√
n(Aθ? − Iθ̂) =

√
n(Aθ̂ − Iθ̂) +

√
n(θ? − θ̂)A′

θ̂
+ o(

√
n(θ? − θ̂)2).

� l�|j[IZ§gi|
±xdy[\±>dY[
A′

θ̂
= L′′′

n (θ̂)
[Qhekml�|pgmnYnT[)fcfc[§±>dY[§fsg<wQkxl t aÏhpackml ±>dY[�wQ[)hvhp[�±>dygmlxhpaÏhp �rjkmaqh��Tkm|plY )[§[)l

n
[Irvh

t [IZ\gml t  )[&nTkmdY| kx�ohj[IlYaq|�f7° km| t |p[�[)l
1/n

t gmlyrf8° gmnYnY|jk¯zoacZ\gihjackml t [&��ginYfsgmw)[mª@��[&|j CrvdYfqhpgih�¨
15
©|j[Cr�hp[1>|
giaOnTkmdY|

θ = θ̂
ª�£¤f�[Il >ac[)l>h�±>dY[efq[enY|p[)Z\ac[)|�hp[)|pZ\[�[Cr�h t [.f7° km| t |p[ t [ OP (1)

ª�{@gi|!¨
16
©¡�µkml gS±>dY[�fc[.rj[IwQkxl t hj[I|jZ\[e[Irvh

t [&f7° km| t |p[ t [ OP (1)
[QhF±>dY[1fc[ t [)|plYaq[I|&¨:[)l

oP (n1/2)
©,[Cr�h�lY )�xfqac�m[Cgi�Yfc[mª � l�km�ohpaq[IlxhFgifckm|
r±xdy[

√
n(Aθ? − Iθ̂) = OP (1).
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